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ITpenucioBue

Metoibl pelieHnsi pa3peKeHHbIX HECUMMETPUIHBIX JIMHEHHBIX CHCTEM
OOJIBIIIOrO MOPSIJIKA SBJSIIOTCS aKTYaJbHBIM, HePCIEeKTUBHBIM U MHTEPECHbBIM
pas3jiesioM COBPEMEHHOI BBIUMCIUTEIbHOM JInHEHO! ajreOpbl. OiHaKoO B pyc-
CKOSI3BITHON CIeNUaJn3uPOBaAHHON yUeOHOi JinTepaType OHU 1PEeJICTaB/ICHbBI
oueHb cj1abo. [losHbIe omucanusi METOMOB COMPSIKEHHBIX (M JlayKe OUCOMpsi-
}KeHHbIX> HalpaBJIeHU B OTEYECTBEHHOW JIUTEpaType BCTPEYAIOTCH JTAaBHO
(narpumep, [3, 8]), HO OHM HOJAIOTCS € MHBIX METOJMUYECCKUX MPEJITOCHIIOK.
[lepeBositibie u3IaHMs, TIPETEHIYIONIIE HA IUPOTY OxBaTa (Hampumep, |5, 7]),
4aCcTO OIPAHUYUBAIOTCS 00CYXKJIEHUEM TE€Mbl Ha yPOBHE CPaABHEHUSI aJIIOPUT-
MoB. IIpekpacuas mouorpadus 4], SHIMKIONEUIHAS JIJIT CHMMETPHIHBIX
MaTPHIL, TIOYTH HE 3aTparnBaerT MPOEKIMOHHYIO MMOCTAHOBKY 3ajauu. FjiuH-
CTBEHHBIM IVIYOOKHMM OIKMCAHUEM IPOEKITMOHHOIO IIOIXO0/1a Ha PYCCKOM SI3bIKE,
110-BUJIMIMOMY, SIBJISIETCSI TIEPEBOJL 1epBoit uacTu Monorpadun [6]. K ueit Mmox-
HO JI00aBUTH 110cO0KE [2], B KOTOPOM U3JI0KeHUE BejeTcs Ha DoJjiee 1IpOCTOM
YPOBHE U TJIe OIYIIEHbl HEKOTOPbIE BaXKHbIE TEXHUUICCKUE JCTAJIH.

Hannasi paboTa nMeeT CBOel 1eJIbI0 TIOJHOE U 110JIPOOHOE OIIMCAHNE BhbI-
BOJIa JIBYX HamboJiee M3BECTHBIX MpoeKInoHHbIX MeTosioB (GMRES u BCG).
[To cojiepkannio OHA TPUMEPHO COOTBETCTBYET MOJIOBUHE JIEKIIMOHHOT'O CIIEl]-
Kypca, YATaeMoro Jijisi 30paHHbIX CTY/IEHTOB HanpaBJenus [IpukiagHas Ma-
TeMaTuKa U MH(MpOPMaTHUKA.

st ocBoeHns MaTepuaJia TpedyeTcss Xopoliee BaaIeHIe JUHeHHOH aJI-
rebpoii. IIpejonaraercsa Tak»kKe 3HAKOMCTBO C KJIACCUYCCKUMU UTEPAIldOH-
ubiMu rpotierypamu periennst CJIAY (merogamun fkobu, Seityesnst), a Takxe
¢ merogamu gekomnosunuu Marputt (LU, QR pasnoxenus). [lpn nHeobxomu-
MOCTH COOTBETCTBYIOIIUE Marepuas MOXKHO HaiTu B [1].



1. OPTOI'OHAJIBHOE IITPOEKTNPOBAHUE
1 IMHEMHBIE CUCTEMBI

1.1. ITocranoBka 3aga4n

Paccmorpum cucremy snnHeiiHbx anrebpandeckux ypasuenuii (CJIAY)
Ax =b.

3nech A — KBajpaTHas HEBBIPOXKJIEHHAS MATPUILA MOPSIIKA 1, T — CTOJIOEI]
HEM3BECTHBIX, b — cTosiber npaBbix yacreit; x,b € R",

Kaxk xopoIo n3BeCcTHO, HEBBIPOXK JEHHOCTH MATPHUIIBI HEOOXOMMa, 1 J10-
CTATOYHA JJIsi OJHO3HaUHO# paspemumoctu CJIAY.

[Tycts B R™ 3amansr nognpoctpancrsa K u L. Yepes (x,y) Oynem 060-
3Ha4YaTh CTaHJapTHOE cKajspHoe npoussegenue B R". Paccmorpnm crepyro-
myto 3a7a4dy: maiitn x € R" Takoii, 910

(Az,1) = (b1) Vi€ L. (1)

st npousBosbaoro x € R Besmunna 7 = b — Ax Ha3bIBAETCSI HEBSI3-
koit. [leperocst B (1) Bce B mpaByto 9acTh, MOJYUAEM SKBUBAJEHTHOE YCIOBUE

(r,l) =0 VleL.

Hpyrumun cioBamu, Tpebyercst Hafitu Takoir x € K, 1jIsT KOTOPOTO
HEeBsI3Ka OPTOTOHAJIbHA, MOJIITPOCTPAHCTRY L. DTy 3aJ1ady MPUHITO HA3BIBATH
3a/1atei npoekTupoBanus Ha JC oproronajibuo L. BaXXHO OTMETUTH, ITO O/
npocrpancTBa K u L MOryT Kak COBIaJaTh, TaK W HE COBIAJATH JIPYl C

JIPYTOM.

1.2. PazpenimMocThb 33241 OPTOTOHAJBHOTO MPOEKTUPOBAHUS

Ob6osuaunm Tounoe pemenne CJIAY qepes T. [Iycrh uzBecTno Hava b
HOE TPUOJIMKEHNe K Perennio xy. Benwanna § = T — xy Ha3bIBAETCsT OTTPAB-
koii. [Tockonbky

r=>0—A(xg+6) = (b — Azxy) — Ad = ry — A0,
e 1o = b — Axg, ycsioBrue opTOroHaJbHOCTH MOXKHO TIeperncaTh B BUJIE
(ro — A0,l) =0 VileL. (2)

Paccmorpum nopnpocrpancrBa K u L 0IMHAKOBOW PazMepHOCTH M.
[Tycts B KC 3aa0 TPOM3BOILHBINA 0A3UC VU1, Vs, . . . , Up. ObDO3HAUMM uepe3 V'
MATPHILY, CTOJOLIAMU KOTOPO# SIBJISIOTCs 91U Oa3ucHbie BeKTOpbl. Ilycrh B



L 3aJ]aH IPOU3BOJIbHBIA 0a31C W1, Wa, . . ., Wy,. depe3z W 0b03HaInM MaTpu-
Iy, CTOJIOIAMI KOTOPOM SIBJISIFOTCsI Oa3UCHBIE BEKTOPHI w. B obimem ciyuae
maTpuilbl V' u W npsiMmoyrojbHbIe 1 UMEIOT 1 CTPOK W 1M CTOJIOIOB KarK 1asi.

OpTOroHaJIbHOCTb BEKTOPA MOAIIPOCTPAHCTBY L 3KBUBAJIEHTHA OPTOIO-
HaJIbHOCTHU 3TOI'0 BEKTOPa KaxK oMy BeKTopy u3 0asuca W. Ilosaromy ycioBue
(2) nepenuceiBaeTcs B Bujie

(To—A5,wj)=O, j=1,m.
[Tockonbky w; ectb j-it crosben marpunbl W, mocjejHss COBOKYIHOCTb
yCJIOBUIT MOXKeT ObITh 3allicaHa B BUJIE SKBUBAJEHTHOI'O MaTPUUHO-BEKTOP-
HOT'O COOTHOIIIEHU ST
Wt (ry — As) = 0.
Pazsoxknm nckomyto monpasky 0 € IC o 6asucy V:
0 = y1v1 + Yoo + ... + YU = V.

[ojcraBisist 0 B mpejplayinee paBeHcrso, nouaydaeM HoByo CJIAY s
HAXO0K/JICHHUSI BEKTOPa HEU3BECTHBIX Koadduimenros y € R™

WAV = Whr,. (3)

[Tosygyennasi cucrema 3aMKHYTa, OHa COMEPXKHUT 11 ypaBHEHUH u m
HEM3BECTHBIX, UTO SABJIAETCS CJICJICTBHEM PaBEHCTBA Pa3MEPHOCTel IO/IpOo-
crpanctB K n L.

U3 coorrommenus (3) MOKHO (HOPMATBLHO BEIPDASUT ¥ ¥ TTOJYIUTH YTOU-
HEeHWe PeIeHnst NCXOMHON CHCTeMbI

r=x0+0=a0+Vy=a0+V (W AV) ' Wip,.

BaxxHO 0TMETUTH, 4TO ecjiu m < M, TO HOJIyYeHHBbIH 110 110c/iejHel (popmyJie
x He OyjieT, BOOOIIEe rOBOPS, SIBJISTHCS TOUHBIM PEIIEHUEM UCXO/HON CUCTEMBI.

Bameuanne. Cucrema (3) onpejesisier BaxKHble TpebOBaHNsT K BHIOODY
nonpocrpancts K, £ n 6a3ucoB B HUX.

a) Marpuna W1 AV nomkia 6bITh HEBLIPOXKICHHOIL 1 JIErKO 0OpaTHMOiL.

0) Tpynoemkocrs pemenust CJIAY (3) G0/KHO ObITH CYIIECTBEHHO

MEHbBIIEe, 9eM y MCXOHON cucrembl Ax = b.

[Tpusejiem kiaccuueckuit mpumep (6], wiocrpupyoniuii nepBoe ycjio-
sue. [lycTts maTpura

O I
A_II’

rine O u [ — HyneBas W eJITUHUYHAS MaTPUIILI TOPsAJiKa m. BeibepeM coBma-
jatoriue 6azucet V' u W, cocrostinme nx m neppbixX JIeKapToBbix opToB. Toria

WTAV = 0.



CyImecTByeT HeCKOJIBKO IIPOCTHIX JIOCTATOUHBIX YCJIOBU, rapaHTUPYTO-
MUX HEBBIPOXKICHHOCTH MATPHUITHI METO/IA.
Teopema 1.1. Ilycrs
mbo (1) A>0uK =L,
mbo (2) detA#0wu L =AK.
Torna marpuna B = WTAV nesbipoxjiennas npu JjoboM Beibope 6a31coB
VouW.

Jloka3aTejabCTBO.

1) Haunewm co ciyuas K = L. B stom cayuae V u W — nsa 6a3wuca B oj1-
HOM ¥ TOM ke TipocTpancTie. CiieloBaTebHO, CYHIECTBYET HEBLIPOXK IEHHAS
marpuna nepexoja G (mopsaka m) takas, uro W =V G. Torma

B=WTAV = GTVTAV.

13 mosoKuTebHOM ONpe/IeIeHHOCTH MAaTpHIlbl A ciegyer mosoxu-
TesIbHAs ONpejleeHHocTh Marpulsl V! AV | KoTopas BiedeT ee HEBLIPOXK-
JICHHOCTb.

Teriepb HEBLIPOXKJIEHHOCTHL B cjiejiyeT U3 HeBbIPOXKJIEHHOCTH JIBYX CO-
CTABJIAIONIUX € MHOXKUTEJE.

2) Eciin £ = AK, 10 HeBbIpOXK IeHHAsT MATpHUIa 1iepexojia (G CBsI3bIBACT
basucelt AV u W, ro ectb W = AV G. CuenoBaresbho,

B=WTAV = GT(AV)T(AV).

Marpuna AV umeer nosublii panr (paBabiii m < n) Kak Npou3BeJieHne
nosHopanroBeix MaTpuil. Cresosarennio, kpaaparaasa marpuna (AV)T(AV)
TAKYKE UMEET TOJIHBIA PAHT, YTO 3KBUBAJCHTHO €€ HEBLIPOXKJCHHOCTH.

CHOBa HEBBIPOXKJIECHHOCTH B CJiejlyeT U3 HEBBIPOXKJIEHHOCTH JBYX CO-
cTaBIsgionmx ee Muoxkuresei. Teopema nokazana.

BoirucanHble COOTHOLIEHKUSI M HAJUYKE JOCTATOYHDBIX YCJIOBHUI paspe-
IITUMOCTH TIO3BOJIAIOT 3allCaTh ODIINYI0 CXeMY MeTO/IA.

ITporoTun ajaropurMa IIPOEKIIMOHHOTO METOIA

1. 3ajaTh HAUYAJIbHOE TPUOIHKEHUE T

2. While ne jocturayra To9HOCTH

3. Bribpars nogmnpocrpanctsa JC u L
4 [Toctpouth B HUX Oazucel V u W
5. Borancanth HeBsisky r = b — Ax
6. Pemurs CJIAY (WTAV )y = Wiy
7. YTounuth perenne r =z + Vy

8. EndWhile



[IpuBesem 6e3 jjokazaresabcTBa ABa (pakTa, CBI3bIBAIOIINE IPOEKIIMOH-
HYO IMOCTAHOBKY C 3aJla"ueil ONTHMI3AIIN.

Teopema 1.2. Eciit AT = A > 0u £ = K, 10 33/1a1a OPTOrOHAJILHOTO
IPOEKTUPOBAHKS SKBUBAJECHTHA 33 [aue MUHUME3aIu hbyHKIoHaMa P(x) =
|z — ||} na muoxecrse {x € KC}.

Teopewma 1.3. Ecan marpuna A wessipokaennas n L = AKC, To 3a1a-
da [poekTUpoBanus Ha K oproroHasbHO £ 9KBUBAJCHTHA 33/[a4¢ MUHMMK-
samun gynkuuonana ®,.(x) = ||r.||3 = ||b — Az||3 na muoxecrse {z € K}.

Hannneiiee nzaoxenne OyIeT TOCBANEHO UCCIEIOBAHNIO PA3TAIHBIX
¢ocoboB BhIOOpa moanpocTpancTB K u L 1 yJI0OHBIX METOJ0B MOCTPOCHUSI
0a31COB B HUX.



2. OAHOMEPHBIE ITPOEKIINN

2.1. IIpoekTupoBaHne Ha OJHOMEPHOE IIOAIIPOCTPAHCTBO

[TocTpoenne METOIOB HAYHEM CO CJIyUasi, KOTIa 0a3UChI IOAIIPOCTPAHCTB
IC u L cocTosiT U3 0JIHOI0 BEKTOPA, T.€.

K = span{vy}, L = span{wy}.

Nnyieke k nokasbiBaer, 4ro Ha PA3HbIX MUTEPAIUAX MOXKHO BbIOMPATH
pasHble Oa3MCHBIE BEKTOPBI. KakK MpaBuiio, 3TH BEKTOPHI CBA3AHbBI € TEKYIIM
HpUBJIMKEHHEM K TOUHOMY PEIIEHUI0 CUCTEMBI.

[Tycrs 3a7aH0 HaYAJIbHOE TPUOJIMKEHUE K DEIICHUIO X( U BBHITOJHEHO
k maros merosa. Corsacuo obeit Teopun (cuM. mar (7) mporoajropurma),
CJIeIyIoTIee YTOUHeHIe HaXOAUTCst 1o hopMyie

Thy1 = T + V.

B nanHoM ciydae mMarpuiia V' COCTOUT U3 OJHOIO CTOJONA Uy, CJIEI0-
BaTEJIbHO Y — cKajsap. ODO3HAYUNB ero Jpyroil OyKBOM 7, MEPEeuIineM COOTHO-

meHne B BUJie
Thy1 = Tk + ViUk.

YcjioBre OpTOrOHAIBLHOCTH MOAIIPOCTPAHCTBY L MMEET B/
(7"l<:+1, wk) =0.
BoirosinuM nmpeodbpazoBaHust
The1 = b — Az = b — A(xg + Yvp) =
= (b - Aack) — ’}/kAUk =T — ’ykAUk.
[ToydyerHoe COOTHOIIEHUE TIPEJCTaBIsieT co00il peKyppeHTHYIO0 (hop-
MYyJIy IlepecdeTa HEeBSI3KM U MO3BOJISIET, IIOMUMO ITPOYero, SKOHOMUTH BhITUC-

JICHUS Ha KaxK/JI0M urepanuu.
[ToncraBuB BbhIpaxkenue HEBA3KH B YCJIOBHE OPTOTOHAJLHOCTH

(Tkt1, wi) = (Tk, wi) — Y (Avg, wi) = 0,
noJiyaum popmyisty Jijisi KoadppuirenTa

Jlajibilie B KauecTBe IPUMEPOB PACCMOTPUM KOHKPETHbBIE CIIOCOObI BbI-
O0opa BEKTOPOB Uy, 1 Wy. [lepBble Tpu MeTo/1a NHTEPECHBI TeM, KaK YCJIOXKHSIST
BLIOOP 0Aa3MCOB, YMEHbIaTCsI TpeboBanus K Marpure A. HersepTolit MeTo;t
BIIMCBHIBAET B KAPTUHY ITPOEKIMOHHBIX METOJI0B XOPOIIO M3BECTHDIN KJIACCH-
YECKUI aJIPOPUTM.



2.2. Meroa HaMCKOpEMIIero CIrycka

B aHriosi3pldHOi Jureparype Jijisi JaHHOTO METO/a HPUHSITO UCIIOJIb-
3oBarh abbpesuarypy SD (or anri. steepest descent).

Bribepem B KauecTBe 6a3MCHONO BEKTOPA, KaK MOANPOcTpancTBa K, Tak
U TOJIIPOCTPAHCTBa L BEKTOD TEKyIIeil HEeBA3ZKM

Vi = W = Tk.
[opcrasisist v u wy, B hopmydy (4), nosydaem

~(rrymr)
Ye = 75—~
(ATk, Tk)

[TockosibKY J@HHBINA CIIOCOO TMPOEKTUPOBAHUST OTHOCHTCSA K CIydalo
I = L, To B coorBeTCcTBUN ¢ TeopeMoit 1.1 Hy»kHO TpeboBaTh, YTOOHI MaTpPH-
a A Oblja CHMMETPUYHON ¥ IOJOXKHUTEJIBLHO OIPEIEJeHHON. 3aMeTUM, 9TO
MOCJIEJTHETO CBOMCTBA JIOCTATOYHO, UTOOBI 3HAMEHATEb 7y He oOpaliaJics B
HOJIb.

[TojcraBiss Bce popMyJibl B TPOTOTHIT AJITOPUTMA, TTOJTyIaeM

Aaroputm SD

1. 3agaTh HAUYAJIbHOE TPUOIMKEHUE T

2. While wne pocturayra TOIHOCTH

3. v o= —(T’ r)

(Ar,r)

4. rTi=x+r

5. ri=r—~vyAr

6. EndWhile

B zanucu aaropurma He HCIOJIH30BAaH UHJEKC k, MOCKOJIBKY METOJ SB-
JISIETCsl OJIHOIIAIOBBIM U He Tpedyer XpaHeHUs [PeJjbLynX 1pub/iKeHuit
1151 cBoeil paborbl. HeobXogmuMo Tak»Ke OTMETUTD, YTO BBEJEHHE JONOJIHU-
TEJHHOI MepeMeHHoil p = Ar, BbIuucssieMoii nepesi marom (3) u UCrnosb3y-
emoii B marax (3) u (5) MO3BOJIAET CYIECTBEHHO YMEHBIUTDH TPYIOEMKOCTD
KaKJI0# urepannu (Jjisi TJIOTHBIX MATPHIL — MOYTH BJBOE).

Cornacuo teopeme 1.2 Kaxkjgas urepanusi meroga SD coorBeTcTByeT
nporeccy Munnmuzanuu byukiun () = ||z + yry — T4

[Tpuejiem undopmalinio 0 CKOPOCTU CXOJUMMOCTUA METO/Ia.

Teopema 2.1. Ilycrs AT = A > 0. Torja Bepha oneHKa
HZU f” < )\max - )\min
k1l —TAS vV —

)\max + /\min
TI€ Apax ¥ Amin — MAKCUMAaJbHOE U MUHUMAJILHOE COOCTBEHHDbIE YMCJIa MAT-
punbl A.

[z = 7|,



2.3. Meroa MUHUMAJbHBIX HEBA30K

B aHMI0s3bI9HO# JInTepaType JJisi JTaHHOTO METOJIa, MPUHSITO HWCIOJIh-
30BaTh abbpesnarypy MR (ot amrr. minimal residuals).

Bribepem B KauecTBe 6a3MCHONO BEKTOPA MOAIPOCTPAHCTBA K BEKTOD
Tekymieit HeBsi3Ku 1 Bo3bMeM L = AK Tak, 9To

Vg = Tk, WE — A’Uk.
[Toncrapmsis vy u wy B hopmyity (4), nomydaem
N (rr, Ary)
k= .
(A?“k, A?”k)
[TockoabKy JI@HHBIH CIOCOO MPOEKTHPOBAHUS OTHOCHUTCSA K CJIYUA0
KK = AL, o B coorBercTBUM ¢ TeopeMoit 1.1 Hy»KHO TpeboBaTh TOJHKO, TTO-
ObI MaTpuia A OblLIa HEBBIPOXKIEHHON. 3aMeTHM, 9TO TOT/a 3HAMEHATEh Y
He obpalaeTcs B HOJIb pu Jiobom 1 # 0.
[TojcraBiisisi Bece BbIBejieHHbIE (DOPMYJIbI B IPOTOTHUIT AJITOPUTMA, TOJIY-
JaeM

Anropurm MR

1. 3ajaTh HAYAJbHOE IPUOJIMKEHUE T

2. While ne jpocturayra TOTHOCTH

o (r, Ar)
VT G an

4, Ti=x+qr
5. ri=r—~vyAr
6. EndWhile

Bcee ckazanHoe 00 MHJIEKCAITMU U TPYA0EMKOCTH JIJIsi TPEJIbIIYIIEro aJj-
TOPUTMa OCTAETCs BEPHDIM.

Coryracro Teopeme 1.3 kaxjasi urepannsi meroga MR coorsercrByer
nporneccy Munnmuzamun gynknun O,.(y) = ||b — A(xy + 1) |3

[Tpuesiem (cHoBa 6e3 jokazaTeabeTBa) HHMOPMAIIUIO O CKOPOCTH CXO-
JIMMOCTHU METO/1a.

Teopema 2.2. Ilycts A > 0. Torma Bepua orenka,

2
7
Irisalls < /1= 55 el

B KOTOPOit 0 = ||All9, & ( pABHO MUHUMAJILHOMY COOCTBEHHOMY YHMCJIy MaT-
AT + A

UL
pHIL 5

10



2.4. MeToa HaMCKOPEUNIEero yMeHbIEHNS HEBA3ZKU

B oredecTBeHHO! JUTEpAType HET YCTOSBIIErOCs HA3BAHWS JIJIsI JTaH-
HOTO MeTojia. B aHTIosI3bITHON TPUHSTO MCTOIB30BaTh abbpernaTypy RnSD
(ot amru. residual norm steepest descent).

Bribepem B kauectBe 6asncoB B K n L = AK BexTopa

Vi = ATTk, Wr = Avk.
HO,ZLCT&BJIH?{ Vi 1 WE B CbOpMyJIy (4), ImocJie HpeO6pa30BaHI/II7I I[IoJIy1acM

(Tk, AATTk) . (ATT’k, ATTk) (Uk, Uk)

k= (AATr), AATr) — (A[ATr], A[ATr])  (Awg, Avg)’

[TockosibKy J@HHBINA CIIOCOO MPOEKTUPOBAHUSI OTHOCHUTCA K CIydalo
I = AL, o B coorBercTBUmM ¢ TeopeMoit 1.1 Hy»KHO TpeboBaTh TOJHKO, 4TO-
Obl MaTpuiia A ObLIa HEBBIPOXKIEHHON. 3aMETHM, UTO TOT/a 3HAMEHATEJD 7Y
He obpalaeTcs B Hoslb 1pu jioboM v # 0. BexTop v, B ¢BOIO 04epe/ih, OTIUYeH
OT HYJIsl €CJIA U TOJBKO ecam 7 # .

B npuBeieHHOM HIXKE aJrOpuTMe MPOBEIeHa ONMTUMI3AIST, OITUCAHHAS
B HPEJbIIYIINX ITYHKTaX.

Aaroputm RnSD
1. Bajarb HavYaIbHOE HPUOIMKEHIE T
2. While ne nocturayra TO4YHOCTD

3. v:=ATr

4. p = Av

5. _ o)
(p.p)

6. T =T+ "y

7. ro=r—p

8. EndWhile

B kauectBe miioca merona RnSD mno cpasaenuio ¢ SD u MR crienyer
OTMETHTh OTCYTCTBHE KaKNX-JIM00 YCJIOBUIT Ha MaTpuily cucrembl A (Kpome
eCTECTBEHHOIO YCJIOBUSE HEBBIPOXKJIEHHOCTH ).

Ob6paTHOii CTOPOHOI Me/IAJIH SABJISIETCsS HEOOXOUMOCTD pabOThI C TPaHC-
nonnposannoii Marpuneit AT, aro me Bcerya ObIBaeT YIOOHBIM U JlaXKe BO3-
MOXKHBIM. Kaxk1as nurepanusa Meroja RnSD Tpebyer 1ByX MaTpuIHO-BEKTOP-
HbIX IPOU3BEJICHIH (C PA3HBIMU MATPHUIIAMHE ), B TO BPEMsI KaK B [IPEJIbI Y IIIX
MEeTOJIaX JOCTATOYHO OJHON TaKO Olepaliuu.

Ecan gononnuTeabHO Tpeodpa3oBaTh BhIpaXKeHHe JIJIs TapaMeTpa

_ (ATTk, ATTk) _ (ATTk, ATTk)
7T (AATy, AATr) — ([ATA|ATry, ATry)
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TO MOXKHO 3aMETUTh, YTO OHO COOTBETCTBYET (popmysiaM Meroja SD, npume-
nerroro s pemterus CJIAY

AT Az = ATh.

OTCIO,ZL& HECJIO?KHO IIOJIYYUTH OIEHKY CKOPOCTH CXOAWMOCTU METOIA.

2.5. /lekapTOBBI IPOEKITUN

Bepremcs K ciydato copnajatonux mnojmnpocrpancts K = L C R” ¢
OJIHMM U TeM »Ke 0a3ncoMm B HUX. B KadecTBe 0a3MCHOTO BEKTOpa Up = Wy
Oy/ieM MCMOJIHb30BATh JIEKAPTOBBI OPTHI €, (B KOTOPBIX HA k-il TIO3UIUK CTOUT
eJMHNIA, ocTasibHoe — Hysn). [Tocsie opra e, Oygem GpaTh €1 1 Tak JjaJee.

B rakoit curyaiuun

T+1 = Tk + Vi€,
CIEJIOBATEILHO, Ha, KayXKJIOM Iare OyJIeT M3MEeHsIThCS TOJBKO OJIMH 9JIEMEHT
HPUOJIMYKEHHOT'O PEIIeHMSI.
13 dbopmyier (4) momyaaem

(rx, ex)
(Aek, ek) .

3HaMeHaTeJb PaBeH JIMArOHAJBLHOMY 3jeMeHTy Marpuisl Ay . Pac-
CMOTPUM YHUCJIUTE]b

(Tk, ek) = (b — ASUk, €k) = (b, ek) — (ACUk, ek) =

n
= bk: — [Al‘k]k; = bk — Z Ak’jx‘gk).
j=1
B nocsiejiiem BbipaxkeHun HOMEp Iiara (MTepaliy) mepeHeceH B BepX-
HUI WHJEKC, 9TOObI MCIOJb30BATh HUXKHUI HHJEKC JJIsi HOMEpa 3JIeMEHTa
BeKTOpa (Takue obo3HavdeHust OyILyT UCIOIb30BAHBI TOJBKO B JAHHOM IMyHK-
re). Ucnosib3yst MHJEKChl TAKUM 2Ke 00PA30M, 3allUIIEM [0JLY YeHHbIE PACUeT-
Hble (DOPMYJIbI

o (k)

(k+1) — |p, — A, )
h i .
k ;é; S| Ay

Eciin Teneph Ha3BaTh OJHOI nTepalneii mepedbop Bcex OpTOB (OT €1 J10
en), TO 110JIy YeHHbIE (POPMYJIbl OY/IyT B TOYHOCTH OLKUCHIBATH XOPOILIO U3BECT-
HBII MeToJ 3eiiaesd.
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3. OPTOI'OHAJIN3AIIN A
B IIOAITPOCTPAHCTBAX KPBIJIOBA

3.1.IToanpoctpancTBa KpbuioBa. Oproronasm3arius A pHOJIbIN

[TpoeknnoHHbIE METO/BI, MCHOJB3YIONNE OJHOMEPHBIE TOIIPOCTPAH-
CTBa, MMEIOT CYIIEeCTBEHHbIN HEJJIOCTATOK, 3aKJIFOUYAMOIIMICA B TOM, 4TO HA
KayKJIOM CJIeJIYIONIEM Iare Bee MPUXOUTCS Jeaarh 3aH0Bo. Hdopmarust u3
BBIOPAHHOIO OJHOMEPHOI'O IOJIIPOCTPAHCTBA MO3BOJISET ClIeJIaTh IIar B CTO-
POHY TOYHOTO PEITeHusi, HO 3aTeM OHa 0E3BO3BPATHO TEPSIETCS. DTO MOKET
IIPUBOJUTH K OOJIBIIOMY KOJMYECTBY UTEPallUil (CYIIECTBEHHO MPEBBIIIAIO-
IMEMY TTOPSAJIOK MATPHIIBL 7).

Ba 1mojxo/ia, pacMaTpruBaeMble HUXKE, JTUIEHbl YKAa3aHHOIO HEJI0CTAT-
ka. B nux mopmpocrpanctso K (u, ciepoBaresbo, L) MIaAHOMEPHO PACIIIU-
psiercst Tak, 910 K C Kryq VE > 1. OTciofa, B 9aCTHOCTH, CJIEAYET, 9TO B
TOUYHOI apudMeTrKe MeTo/] coiijiercs He Dojee, UeM 3a 1 UTepaluii.

Ouenb y06HBIME sIBJIsIIOTC ojnpocTparcTBa Kpbiioa (HazBaHHble B
9EeCTh BbIJIAIOIIEr0Cs PYCCKOIO COBETCKOIO MEXaHUKa, 1 MaTeMaTuka Kpbliosa
A.H.), B mocTpoennn KOTOPBIX y4aCTBYeT MATPHIA PeIaeMoii cucreMbl A.

Onpenesnenne. JIuneitnas 060109Ka
span{v, Av, A%v,... A" v} C R"
Ha3bIBaeTCs nojpocrpancTBom Kpbuiosa u obosnadaercs K, (v, A).

BaKHO OTMETUTh, YTO Pa3sMEepHOCTb HOJIpocTpancTBa Kpbliosa Mo-
’KeT ObITh MeHbIe m. QakKTHIECKH, 9Ta PA3MEPHOCTH 3aBUCUT OT PACIIOJIOMKE-
HUST HAYAJLHOTO BEKTOPA U OTHOCHUTEIHLHO WHBAPUAHTHBIX MOIINPOCTPAHCTB
marpuiibl A. UToObI MpecTaBuTh TAKYIO KAPTHHY Ha HanboJiee IpocTOM TIpH-
Mepe, PEKOMEHIYeTCsT PaCcCMOTPETh CIydaii, Korga v siBJIsieTcst COOCTBEHHBIM
BEKTOPOM MaTpuilbl A.

Jist mocTpoeHust OpTOHOPMUPOBAHHOTO Oaszuca B Ky, (v, A) MOKHO HC-
[OJIb30BaTh M3BECTHYIO mpoueaypy oproroHaiusanuu [ 'pama-IIImura.
[IycTh HEKOTOPOE KOJMUIECTBO j B3AUMHO OPTOTOHAJBHBIX ¥ HOPMUPOBAHHBIX
BEKTOPOB y»kKe nocTpoeno. Obo3HAYMM UX V1, Vg, . . . , Uj.

YMHOXKNIM TIOCJIeIHUIT TTOJIyYeHHbIil BeKTOp v; Ha MaTpuny A u Oynem
VICKaTh CJICJYIOMNIT BEKTOD Vj41 B BHJE

J
5]'_,_1 = A?Jj - Z hi,j'Ui- (5)

1=1
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Koadpdpunmenrnt hy j, ho j, ..., hj;j nogdoepem tak, 4ToObl HOBbI BEKTOD
Uj41 OBLI OpTOrOHAJIEeH BCeM IpeJbLIyIUM BeKTOpaM Ui, Vg, . . ., v;. Obo3Ha-
qnB w = Avj, 3aMIIEM 3TH yCJIOBUS OPTOTOHAJILHOCTH

J
(5j+1avk) = (w - th’,jvia Uk) =0, k=17
i=1

ITockosbky 10 npegmnonoxenuio (v;,v;) = 6;; (rae 6; j — cumsoa Kpo-
HEKEePa), TO

J
E hi jvi, vg, | = (hlw'vk, Uk) = Dy j.
i1

Orcrona nonydaeM GpOpMYIIbI JiJisI KOIMDMHUITUEHTOB OPTOIOHAIN3AIIH
hi,j = (w,vi), 1 = 1,].
[Tocsie aTOro ocraercss OTHOPMUPOBATDH II0JIYUEHHbI BEKTOP

Uj+1 - i)j——i_l
10412

Eciin Ha HEKOTOPOM M1are j mocje Beex mpeodpa3oBaHnii HOpMa BEKTO-
pa U1 OKA3BIBAETCS PABHOMN HYJTIO, 3TO O3HAYAET, ITO OUepeIHoil BekTop Av
JIMHEIHO BbIpaXkaeTcst depe3 npebiayime. HecmoxkHo mokasarh, 9T0 B 9TOM
ciydae Bce BekTopa Buua A¥v mpm k > j§ maxke OyuyT JMHEHHO 3aBHCETH
ot npeapymnx. CrenoBaTebHO MPOIIECE MTOCTPOEHWST OPTOHOPMUPOBAHHOTO
6azuca OyJeT ucueprnaH U pa3MepHOCTb COOTBETCTBYIOIIETO MOAITPOCTPAHCTBA
KprinoBa byner pasna j.

Omnucannast mpore/Lypa moJiydn/ia Ha3BaHue OPTOTOHAJU3AIE APHOTb-
T, 3amuiineM ee B BUJE aJrOpuTMa.

AaroputM opToroHajm3anuu A pHOJIbIN

1. Beibpath vy, Takoii uro ||vi|ls =1
2.For j=1,2,....n

3. w = AUj

4. For :1=1,...,3

D. hm’ = (w,vi)

6. w = w — h; jv;

7. EndFor

8. i1 = [wll2

9. If ji 1 ; = 0 then nosoxuts m := j u BoliiTy U3 nukia EndIf
10. Vjy1 = w/h]’_ﬂ,j

11. EndFor
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Curyarust, CBsi3aHHas C MPEXKJIEBPEMEHHBIM HCcYepriaHueM 0asnca, oT-
ciiexkuBaeTcst B crpoke (9) asropurma. Ecitu ye BBIXOJ U3 MUKJIA [0 YCIOBUIO
crpoku (9) He npoussejieH, To Byjer oCTpoeH 6a3uc U3 N BEKTOPOB, W TOJI-
npocTpaHcTBO KpbLmoBa OyjieT coBnajiaTh co BceM mpocTpancTBoM R™.

[IycTh BBITOJIHEHO M IIATNOB PACCMATPUBAEMOIO aJIroOpuTMa. BBemgem B
paccMOTpeHue MaTpuIly Vi,i1, CTOJOIAMI KOTOPO SBJIAIOTCS JIEMEHTHI 110~
CTPOEHHOI'O OPTOHOPMUPOBAHHOIO OA3KUCA U, Vg, . . . , Upyt1 (BOBMOKHO, Uy =
0), a Tak»>Ke MaTpHILy H,,, cocrasiennyio u3 ko3(MpUIHEHTOB OPTOrOHAII-
a1

hix hig -+ hip

hoi hoo -+ haopm
Vinpr=| v1 | va |~ | Vi1, Hu=] 0 hsa -+ hgm

0 0 hm—i—l,m

dAcno, aro marpuia V' cocrout us n ¢crpok u m+1 crosbia, a MmaTpuiia
H,, umeer m + 1 cTpoK u m CTOJOIOB, IPUYEM BCe 3JeMeHTHl H,,, jexa-
e HUyKe TIePBOil 1o/ InaroHalin, paBabl HYJ110. MaTpuilsl TaKO# CTPYKTYPHI
LPUHSATO HA3BIBATH XECCEHOEPIOBBIMMU.

Taxkum 06pa30oM, 10CJIE BLIIOJHEHUS OIUCAHHOIO aJrOpUTMa OPTOro-
Hasu3anuy ApHOJIbAN OyIyT II0JyYCHDI

BO-TIEPBBIX, HAOOP OPTOHOPMUPOBAHHBIX BEKTOPOB U; (KOTOPbIE 0OBIYHO
XPaHSIT KaK CTOJIONbI 00beiuHsItoNel ux Marpurbl V);

BO-BTOpPBIX, MaTpuiia Koacdduuuentos oproronamusanun Hy,, = {h; ;},
Y KOTOPOIii OyIyT 3al0THEHBI TOJILKO BEPXHUI TPeyTOJLHIK U [epBast
1O/ ArOHAJIb;

B-TPETbUX, PA3MEPHOCTH 1M KPbLIOBCKOIO Hojipocrpancrsa I, (v, A).

SaduKcupyeM HECKOJIBKO CBOMCTB IIOCTPOECHHBIX MATPHUIL.

YrBepKkaenne 3.1. CrupapeanBo paBeHCTBO

AVm - erle.
Jloka3aTejabCTBO.
Ucnonssyst bopmyny (5) n yuanutsiBas, 9T0 hjp1j = ||Uj41]/2, nMeem
7 J
Jj+1
R T M Avp =Y hijoi ) [hje,

Ol P
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OTKY/12

j Jj+1
Avj = Z hijvi + hji1,jvj41 = Z hi jvi- (6)
i=1 i=1

3aMeTuM, YTO BbIparKeHHe

Jj+1

E h@jvi
i=1

OIKMCHIBACT J CTOJIOEI] MaTPUIIbI, sBJISIONIEHCs pousBejiernemM Vi, 1 - Hy,.

CrenoBaresbro, coorHomenue (6), cupaseinBoe Jijis jioboro j or 1 10 m,

eCcTh MOCTOJIOIIOBOE BhIPaXKEHNE NCKOMOT'O MaTPUUHOIO PAaBEHCTBA.
CBoiicTBO JI0KA3aHO.

Oboznaunm uepe3 H,, KBaJpaTHYIO MaTPHUILy, OJYJaOIyI0Cs 0TOpa-
ChIBAHUEM TOCJIeIHeH cTpokn B MaTpuie H,,

YrBepxkaenue 3.2. CrpaBeyinBO PaBEHCTBO
T
Avm = VinHy + hm—&—l,mvm—i—lem-
Jloka3aTeJjbCTBO.
Bocrosib3yemcsi paBeHCTBOM
Avm = m+1Hm
1 pa3obbeM B HEM MATPUILY Vi,11 Ha JiBa ClaraemMbix
_ 10 1
Vine1 = Vi + Vi

CJIEJIYIOIIM 00pa30M.
0
[TepBbie m ETOJI6HOB nonajaloT B V,, | ¥ JIONOJHSAIOTCH HyJIEBBIM CTOJI0-
oM. B marpurnie V11, Ha000pOT, Bce cTOJOIBI, KPOME TIOCJ/Ie/IHEr0, HYyJIeBhIE,
a [OCJICIHU COBIIALACT C Uppyt1-

V1 || U Pt = | 01 | O | O] O e ) O g

OueBujiHO, 4TO
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hip hig - him
hoq has --+  ham
B 0 hsy - ha,
fUl...fUmO. : ?’2 3:7 e
0 0 B
0 0 ’ hm—|—1,m
hix hig -+ him
hoi hoo -+ hop
=\ Um 0 h3,2 h3m y

,HaHHOG paBEHCTBO COOTBETCTBYET ManI/I‘{HOﬁ 3alliucCu
0 7
vm—i—le — VmHm-

Bropoe ciiaraemoe — 1pousBejieHue vaP_Im — npejicTaBjsieT coboit
OJIHOPAHTOBYIO MAaTPHILY, UMEIOIIYIO eIUHCTBEHHBIN HEeHYJIeBOH CTOJI0eI] (Ho—
CJIe,ZI;HI/II/UI>. Ee MoXXHO 1pejicTaBUTh KaK MPOU3BEJIEHNE BEKTOPa-CTOJIONA Ha,
BEKTOP-CTPOKY egw 110JIyYaeMYI0 TPAHCIIOHUPOBAHUEM JleKapToBa OpTa C eJ1-
HUIEl B IOCaeHel TO3UITUN (m + 1). CxazaHHOE HJIJIIOCTPUPYETCS CXeMOit

hii hia -+ him
hoi hog -+ hoy
0 hga -+ ham

|
|
|

Um+1| . .
0 0 .. hm m
0 0 o hm—i—l,m

=/0|---]0 hm+1,mvm+1 :herl,mUerl’ 00 ---01
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n COOTBETCTBYET ManI/I‘{HOﬁ 3allucn

~

[ T
Vm+1Hm = hm+1,mvm+1em-
CkutajipiBast 00a PaBEHCTBA, MOJIYYaEM JOKA3LIBAEMOE YTBEPXK ICHHE.

YrBepKkaenne 3.3. CupapesjinBo PaBEHCTBO
VIAV,, = H,,.

Jloka3aTejbCTBO.
CoracHo MpebIIYIIeMy YTBEPKJIEHUIO,

VIAV, = VIV Hy

Pacemorpum npomssesienne VIV, 1 1 Bocoabzyemcs opTOHOPMEPO-
BaHHOCTHIO Das3uca vy, ..., Umnii

(U1 1 0---0 0

v 0 1---0 0
VIV, = :2 v ve | =1

U 0 0---10

[Tonyuennast MaTpuIia NpeICcTaB/IsieT co0OM eTUHNTHYIO MATPHUILY TTOPSIIKA 1M
¢ UPUIIMCAHHBIM K Hell ClIpaBa HYJEBbIM CTOJIOLOM. Y MHOXKAS 9Ty MATPUILY
cupasa Ha H,,, nonydaem H,,, 4T0 1 TpebOBaJIOCD.

YrBepxKkaenune 3.4. /s ioboro HoMmepa k ot 1 10 m~+1 cupapeainBo
PABEHCTBO
Vi, = ey,
rJie €, — JIEKapTOB OPT C eJUHUICH B MO3UIUN k.

Jloka3aTebCTBO CJiejlyeT HelOCPEJCTBEHHO U3 OPTOHOPMUPOBAHHO-
CTU CTOJIOTIOB MATPUIIbI Vi,. [lJ1s1 HATJISTHOCTH MOYKHO BOCIIOJIb30BATHCS WJI-
JirocTpalyeil K mpeJibliyeMy yTBEPXKJIEHUIO.

IIporecc oproronanusanun ApHOJbIM JEXKUT B OCHOBE MHOI'HX IIPO-
exImoHHbIX MeTonoB perterust CJIAY. Ero HeciokHO yBuIeTh B KadecTBe
IIEPBOrO ATala ONMCAHHBIX JlaJiee METOJIOB.
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3.2. MeToa moJiHOIT OPTOTrOHAJIN3AIN

B anriosspiunoii gmreparype jisi JAHHOIO METOJA HPUHSATO UCIIOJIb-
soBarh abbpesuarypy FOM (ot amr. full orthogonalization method).

Bribepem B Kaugectse noampoctpancTs K u L nogmpoctpanctBo Kpbi-
JIOBA

K =L =Kn(v, A),

JIJIsT TIOCTPOEHNST KOTOPOTO MCIOJIB3YETCs OPT HavdaJIbHOW HEBI3ZKN

v =10/ |[roll2-
st mocrpoenus 6asuca B K (u tak:ke B L) OyieM HCIONB30BATH OP-
TOrOHAJIN3AINIO APHOJILIN ¢ HAYAJIBHBIM BEKTOPOM V.
B coorBercrBum ¢ 0OIIMM 1IPOEKIMOHHBIM T1OJAX0M0M (cM. 1. 7 u 8
IPOTOAJTOPUTMA) PEIIeHUE JOJKHO YTOUHATHC M0 hOpMyJTe
xr=ux9+Vy,
e Y SIBJISIETCs] PEIIEHUEM CHUCTEMbI
T T
(WHAV )y = W r,

B KoTopoit V u W — marTpuiibl, cocraBjieHHbIe U3 0a3MCHBIX BEKTOPOB II0]I-
npocrpancTs K 1 L coOTBETCTBEHHO.
B narmem ciydae 3TU MaTPHUIIBl PABHbI

V=W=V,.
CuriestoBaresibho, (M. yrBepK/ieHue 3.3)
WTAV =V, AV,, = H,,
O6osnaanm st kparkoctn [ = ||7gl|2. [To yrBepxkaennto 3.4
Whry =VIirg=VI(Bv) = Be,

rie €1 — €IMHAYIHBIA JeKapToB OpT, IepBas KOOPAHHATa KOTOPOr'o paBHA €/11-
HUIIE, OCTAJbHBIE — HYJIIO.
Takum obpaszom, Bcnomorarennuas CJIAY npunmmaer Bu

H,y = Be;.

Ormerum, 910 008 OCHOBHBIX TPEOOBaHWs BHINOJHEHBI: MaTpuia H,,
HEBBIPOK/JIEHA, & TaKXKe JIErKO 0oOpaTuMa, ITOCKOJbKY MMeeT XecCeHOeproBy
dopmy. Jljist perienusi cucrembl ¢ Takoi MaTpuieil Tpedyercs 3aHyJIUTh O]l
HY MOJIIMArOHAIh. DTO MOXKHO CJIEJATh TayCCOBBIMU MCKJIIOUEHUSIMHU, JTUOO
OpPTOTOHAJIBHBIME Bpallienusamu ['mBenca.

[lojBejieM urorn Ha MMCEBIIOKO/IE.
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Anroputm FOM

L. rg:=b— Axg, B := ||roll2, v1 :=10/B, m=n
2.For j=1,2,....n

3. Berancnuts w; 1= Av;

4. For i=1,...,j

0. hi,j = (wj,vi)

6. w; = wy; — hi,jvi

7. EndFor

8. Borauenuts hjiq = ||Jwjl|2

9. If hjy1; = 0 then nonoxuts m = j n BuiiiTn 13 nukiaa EndIf
10. Boraucauts vy = w;/hjt1

11. EndFor

12. IIpeobpazoBarb marpuily H,,, NCKJIIOUUB U3 Hee 110/ /IUaroHaib.
BrimosiHuTh Te 2Ke mpeobpa3oBaHust ¢ BEKTOpoM g = ey

13. Pemurs tpeyrosbayo CJIAY Hy = g (nopsizka m)

14. Boraucouts x = xg + Y, Yiv;
i=1
3amedanmne. PazMepHocTh npocrpancrsa K 3aBUCHT OT BbIOOpa Ha-
JAJILHOTO BEKTOPA U1 M MOXKET OKa3aThCsl MEHBIIE MOPsIIKa MaTpuilbl n. B
9TOM CJIydae IPOIECC OPTOrOHAJIM3AINN HET HEOOXOIMMOCTH IPOIOJIKATD,
MIOCKOJIbKY OH OyJeT OOHYJISITH BCE MOCJELYIONNEe BEKTOPHI.

Takum 06pazoM, 1oc/ie 3aBepuIeHrs! OJHOIO POLECCa OPTOrOHAIN3a-
MM BO3MOKHBI JIBa CJIydasl.

Jlubo noanpocrpanctso K, (v, A) coBmager co BCceM MPOCTPAHCTBOM
R"™ (mosyuum m = n).

JIubo npousoiijier ucuepnanue 6a3uca 1 IPOLECC 3aBEPLINTCS JOCPOU-
HO 1Ipu M < n.

Bazkio, 4To B J1000M U3 9THUX CIydaeB OyleT TOayHdeH Uy = 0 1
Rmt1.m = 0 (B TOUHOI apudmernke).

Yreepxkaenune 3.5. Ha kaxjjom mare m merojga FOM st HeBsizku
Ty CIPaBEJINBO CBOMCTBO

[rmll2 = P 1.m|Ym]
(3,ZLer Y O3HAYAET IOCJICAHUI, M-il, 3JIEMEHT BEKTOPA y)

Jloka3aTejabCTBO.
CorytacHO YTBEPXKJICHUIO 3.2

Avm - VmHm + hm—&—Lmvm—i—leg@
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BoirosinuM nnpeodpazoBaHus

P =b— A(zg + Viny) = (b — Azg) — AV,y =
=10 — AViny = Ber — Vil + hins1 mms1eh)y =
= /8’()1 — Vm(Hm ) - hm+1,mvm+1(€%y)

Tak Kak BEKTOp ¥y SIBIsIETCS pelnenneM cucreMbl H,,y = ey, To

By — Vi (Hpy) = Buy — VipBer = Buy — Buy = 0.

Ocraercst 3aMETUTD, 9TO MPOU3BEICHUE €1 1 ecTh 0OLIMHOE CKAJIAPHOE TPO-
W3BEJICHUE U PABHO Ypy, & ||Up1]|2 = 1. YTBep:KaeHuE JOKA3AHO.

Baxxubim HejjoctatkoM Meroja FOM sBisiercst He0OX0MMOCTEL XpaHe-
HUsL BCEX BEKTOPOB {vj}, MOJIydaeMbIX DU BBIIOJIHEHUN UTEPAIUH OCHOB-
HOTO HuKJa. st UX XpaHeHHsI MOXKET MMOTPeOOBATLCs CJMUIIKOM OOJIBIIONM
(BOBMOXKHO, HEJIOCTYITHO GOJIBINON) 06beM MaMsITH.

Crenyrolmue Ba M0X0/1a YJaCTHIHO YCTPAHSIIOT 9TOT HEJIOCTATOK.

3.3. AjropuTMm MOJIHOW OPTOTOHAJIM3AIIMKU C PecTapTamMu

OjinH n3 crocobOB yMeHbIeHus 3aTpaT namMsaTu B aaropurme FOM co-
CTOUT B TOM, YTOOBI TIEPUOAMIECKHA OOHOBJISATDH aJITOPUTM, a UMEHHO, TTUKJ B
crpoke (2) BBIMOJHATH He J10 j = n (Hopsijika MaTpulibl A), a ocTaHaBJINBATD
paHbIe TTPH HEKOTOPOM 3a/IaHHOM 3HAYEHUN M (KaK TPABUIIO, HEOOJIBIIIOM ).
[TockoIbKY B Takoi cuTyaluu perieHue CUCTeMbI, CKOpee BCero, HaifJleHo He
OyJieT, TO 1POIECC HYKHO HOBTOPSTH, UCIIOJIb3Ysl B KQUECTBE HOBOI'O HaUaJlb-
HOT'O MPUOJIUKEHUS BEKTOD Xy, TIOJYIEHHBIN [TOC/Ie HETIOJBHOTO BBITIOJTHEHUS
KA (2). YKasaHHbIH H0X0J IPUHATO HasbiBaTh MerojoM FOM ¢ pecrap-

ramu win FOM(m).

Anroputm FOM(m)
1. Boruucaurs 7o := b — Axg, 5 := ||rol2, v1 := 10/
2.For j=1,2,....m
BBINOJHATH JeficTust (3) — (10) anropurma FOM
EndFor

3. IIpeobpazoBarh mMaTpuity H,,, ICKJIIOYNB U3 Hee MO INaroHaJb.
BoIostHUTH Te Ke 1peodpa3oBanus ¢ BEKTOpoM g = [eq

4. Pemuts tpeyroapnyio CJIAY Hy = g nopsnka m
5. If xagectBO MpubMKeHus yaoBiaeTBopuTenbioe then Bbxos

6. [Tosioxkurs T9) = T, BEPHYTHCs B mary 1.
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3.4. AjropuTM HEIOJIHOW OPTOTOHAJIN3AINN

JpyruMm BapuaHTOM SKOHOMHHU PecypcoB maMmsiti B ajropurme FOM
SABJIIE€TCS TTPOBEJIEHNE HEIOJIHOM opToroHasn3anuu. Mjaes 3akiaodaercd B
TOM, YTO OYEPEJIHON BEKTOP Vj4] (HOﬂy‘{aeMblﬁ Ha J-OM IIare OCHOBHOTI'O
UKJIA) JIEJIAETCS OTPOTOHATBHBIM TOJBKO K k TPEJIBIIYIINM BEKTOPaM, a He
KO BCEM.

Takoit 110/1x0/; 1puHATO Ha3biBaTh MeTojgoM IOM (ot anru. incomplete
orthogonalization method).

JList TIOJIy YeHMsT aJIlTOPUTMa METO/Ia JIOCTATOYHO 3aMEHUThH CTPOKY (4)
amorpurma FOM nHa ciemyrontyio

4. Fori=max{l,j—k+1},...,j

[Toso6Ho Meropy FOM(m), anropurm IOM Tak»ke MOXHO JOTOJHUTH
pecrtapTaMi, OrpaHuYUBAast M U MOBTOPSAs OCHOBHBLIC JICHCTBUS IUKINICCKH
JIO BBLIIIOJIHEHUS] KPUTEPUs OKOHYAHUSI.,

3.5. O0O0OIIIeHHBIT MeTOod MUHUMAJIbHBIX HEBA30K

B smreparype maHHbIE METOJ HIKPOKO M3BECTEH TOJ abOpeBHaTypOii
GMRES (ot anri. generalized minimal residuals).
Boibepem B kauecrse nogupocrpancrsa K nogupocrpancrso Kpbuiosa

K =Knu(v., A),
JIJIS IOCTPOEHNsT KOTOPOTO UCHOJIb3YeTCsl OPT HAYabHOW HEBSI3KN

v1 = 710/[|r0]|2-

st mocrpoennst basuca B K OyjeM KCIOJIb30BATH OPTOTOHAIU3ANNIO Ap-
HOJIBJY C HAYAJILHLIM BEKTOPOM V7.

B orsmmune or npejiblyInero MeTojia, B KauecTse mnojnpocrpancrsa L
BbIOEPEM

L= AK.

J1s1 BBIBOJIA, pacueTHBIX (POPMYJI BMECTO SIBHOI'O UCIIOJIBL30BAHUS YCJIO-
BUiI OPTOrOHAJBLHOCTH TIPUBJIEYEM pe3y/ibrar 00 ONTUMAJIHLHOM CBOMCTBE Me-
toza. [To cooTBeTcrByIOIIeil TeopeMe IPOEKIMOHHDI IIPOIIECC IPU YKAZAHHOM
BLIOOPE MOJIIPOCTPAHCTE COOTBETCTBYET MPOIECCY MUHUMHU3AIUK 2-HOPMbI
HEBSIZKHU [|T]|2.

Ob6osnaunm, kak u pabiine, § = ||r||2. Torma vHauaabHBI BekTOP Ha-
suca vy = 1o/ p.
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[Ipeobpasyem BbIparkeHue HEBSI3KU

r=b—Arx=b—Alxog+ Vyy) =
= (b— Axg) — AV,,y =
=10 — Vi1 Hny = for — Vi Hyy =
= BVpiier — Vi Hpy = Vi (Ber — Hyy).

3/1eCh, KaK U BbIIIIe, UCIIOJIb30BAHO 0DO3HAUEHUE €1 JIjisi IEPBOIO JIEKAPTOBOI'O
opTa.

[Tosib3ysich Tem, 4TO OPTOrOHAJILHBIE MATPUIlLI COXPAHSAIOT 2-HOPMY,
noJryyaeM

Irllz = IVins1(Ber — Huy)ll2 = [18er — Huylla.
Taxkum obpas3oM, 3ajjada MUHUMUSAINN BeJIMIUHBL ||7||o 9KBUBaJEHTHA
MUHUMA3ATINT BEJTNIUHBI
1Ber — Hinyll2,

9TO, B CBOIO OU€Pe/ib, PABHOCUILHO 3a4a4e pentenus nepeonpeaenennoil CJIAY
Hmy - 661

B CMBICJIC HAMMEHBIINX KBaJIPATOB.
[Ipumenum jyist aToro (QR pasnoxenue. Paznaras

H, =QR
(nae @ — marpuna pazmepa (m + 1) X m, R — BepxHeTpeyrojibHasi MaTpyila,

M X M) U BBITOJIHsS OJJHOBDEMEHHHO MPEOOPa30BaHUE MPABON IaCTH, MPU-
XOJIUM K CHCTEME

Ry =g.

Beoime, B merojie FOM, nponece pemenusi CJIAY Hy = [e; npous-
BOJIMJICS CTPOTO IOCJIE TIOCTPOeHusT MOoJTHOro 6asuca Apuosban. OHako ero
MOXKHO COBMECTHUTH C IIPOIECCOM IOCTPOEHUs 9TOro basuca. B atom ciydae
TOJIYIUTCS TIOJIHOCTBIO UTEPAIMOHHAs MPOTIeIypa, KOTOPYIO MOYXKHO TTPepbl-
BaTh JIOCPOTHO, €CJIM HEBSA3KA OYEPEHOTO NMPUOINKEHWST OKAXKeTCsT JI0CTa-
TOYHO MaJIOW.

Jist 9TOro0 MekioveHne (3aHyIeHne) SJIeMEeHTOB EPBOii TTOINATOHAIH
mMaTpuiibl H ciiejlyer mpou3BOJMTh 110 MEPe UX IOsIBJICHUS, T.e. Ha IePBOM
mare BHEIIHETO IUKJIa 3aHYJUTb 3JIeMEHT hg 1, Ha BTOPOM IIare — 3JI€MEHT
hs o 1 Tak pasee. Huxe aror nporecc OyieT 1101pobHO HOACHEH MaTPUIHBIMU
CXEeMaMHU.

B pesy/ibTare BO3HUKAET aJropuT™ Merojia. [IpuBejem ero Ha rceBjio-
KOJIE.
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Anroputm GMRES

L. rg:=b— Axg, B := ||roll2, g := Ber, v1 :=10/5
2.For j=1,...,n

3. w = Av;
4. For i1=1,...,7
5. hij = (w,v;)
6. w = w — h v
7. EndFor
8. hjuy = llwls
9. If hj;1; =0then p:=j; sbixox ns nukna EndIf
10. Vi1 = w/hjt1
1.  For i=1,...,j—1
12. [Tpumenuts K sektopy (i, ..., hjt1)T"
miockoe Bparerne {c¢;, s;}
13. EndFor
14. Boraueanth napaMeTpbl HOBOTO TIJIOCKOTO BpAIEHHs {¢j, S;}
hjj \ Aeisid [ hyj
() ()
¥ LIPUMEHUTH €ro
15. [Ipumenutsb K BeKTOpY g IUIOCKOE Bparienue {¢;, s}
16. If |gj+1| < ethen p:=j; sbxog usz nnkia EndIf
17. EndFor

18. Pemuts Tpeyronbuyio CJIAY Hy = g nopsijika p

p
19. x =20+ > yiv;

1=1

[TosicHUM MHKOPIOPUPOBAHUE ILJIOCKUX BPAIIEHUH B MPOIELYPY OPTO-
roHaJIM3AIN ClIeLyloel cxeMoil. B meit kpectikamn (X, X, X) OTMeueHbl
HEHYJIEBBIE 3JIEMEHTHI MaTpullbl H, 3HaKOM BONpoca 0003HAUYEHA HE BbIYMC-
JIeHHasl K pacCMaTpUBaeMOMy MOMEHTY 4acThb H.

Ha nepsowm 1mare nukiia u3 crpoku (2) npu j = 1 dopmupyercst nepsbiit
crosiber; MmaTpuiibl H, cocTosiuii U3 JByX HEHYJIEBBIX 3jaeMeHToB. [To sTum
9JIEMEHTAM BBIYMCIAIOTCS HMapaMeTphl MEPBOTO IJIOCKOIO BPAIIEHUST Cp, S
(koTOpBIE CyleIyeT 3AMOMHWUTDL) M MPOU3BOJUTCS STO BpalieHne. B pesyinb-
TaTe BTOPOil 37eMenT neproro crosbua marpunsl H sanyaserca. Ormern,
aro npu j = 1 nuka B crpokax (11) — (13) He BbinosHsIeTCS.
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BpAalleHIe
1,51
—_—

BbIYHCJ/ICHHE

BTOPOTO

e
cromboma H

o O X X
S O O X

0 0

Hasee, mpu j = 2 (Bropoii mpoxo muKJa) hbopMUpyeTcss BTOPOH CToJI-
Oerr MaTpuIbl H, cOCTOAMNI U3 TpeX HEHYJIEBBIX 3JIEMEHTOB.

CradaJjia K MOJIydeHHOMY HOBOMY CTOJIOIY TPUMEHSETCS COXpaHeHHoe
paHee BpAIlEHUE €1, §1. DTO MPOUCXOJUT B IKJe B crpokax (11) — (13).

BaTem 10 smeMenTaM hoo W M3 BLIYHCAIOTCS MapaMeTpbl BTOPOTO
JIOCKOIO BPAIEHUS C2, So (KOTOPBIE TakKKe CJIeyeT 3allOMHUTH) U [TPOU3-
BOJIUTCST 9TO Bpalenne. B pesysibrare TpeTuii (Mo InaroHa bHbIil) 9JIeMeHT
BTOPOTO CTOJIONA MaTpUIhl H 3aHyJIsieTcs.

X | X X | X X | X
0 X BpalleHue 0 X BpalleHue 0 X
0| X C1, S1 0| x C2, S2 010
010 ? (cTapoe) 010 ? (HOBOE) 010 ?
00 00 010

Ha ouepesnom npoxojie nukia (npu j = 3) Gyger cchopmupoBas rpe-
tuit crosiber; H u3 deThipex HeHyJeBBIX jeMenToB. CHavasa K HeMy HpHuMe-
HSITCsl COXPaHEHHbIE BPAIEHUs C1, S| U C2, S2, 3aTeM OyJieT cpOPpMUPOBAHO 1
IPUMEHEHO HOBOE IIJIOCKOE BPAIEHUE €3, S3 U TaK JaJee.

[TpuBeernbIe BBINE CXeMbI OMMCHIBAIOT n3MeHennst Mmarpuiibl H. Te ke
caMble JIeHCTBUsT (BpAIEHHs1) OJHOBPEMEHHO MPOM3BOJSTCS HaJl BEKTOPOM
paBbIX dacreil ¢ = [ey. V3obpa3um nx cxeMaTHIecKu.

5 c18 c18

0 s13 2518

0| 1 mar 0 2 mmar 32316 3 mmar
RN LN AL

0 0 0

0 0 0

g(O) g(l) 9(2)
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(J)

Taxnm 0OpasoM, Jylst TOC/IEHEr0 HEHYJIEBOTO 3JEMEHTa ¢;/; BepHa
dopwmyiia
() _
gj+1 = SjSj—1--- 815,
J
KOTODas rapaHTupyer nesospacranue gi ., (Tax xax [sg| < 1 Vk). Orum
00OCHOBBIBAETCST KpUTEpHUil ocTaHOBa B cTpoke (16) ajropurma.

s TIOJTHOTBI M3JIOXKEHUs IIpHuBejieM 0e3 JI0Ka3aTeJbCTBa MHMOPMAa-
A0 O CXOJIMMOCTH METOJ[a B OJIHOM YaCTHOM CJIy4Yae.

[Tycrs marpuna A juaroHajusupyeMast, TO €CTb CyLIECTBYeT HEBbI-
poXKJeHHas MaTpuIia B Takas, 9TO

BT'AB = A = diag{\;, ..., \ }.
Oboznaunm yepe3 Pp MHOXKECTBO BCEX MHOIOYJICHOB CTEIEHU Kk U BBEJIEM

Epy = | i)l
m=_min - max Ip(Ni)|

Teopema 3.1. Jls neBsasku m-ro mara meroga GMRES crupaeiusa
OIIEHKA,
[7mll2 < conda(B)eml|rol2.

Hecmorpst Ha 1o, uTo cchopMyinpoBaHHasi Teopema 000CHOBbIBAET yObi-
BaHUE HEBSA3KU, UCIIOJb30BATDH €€ JIJIsd MIOCTPOCHUS KPUTEPUs OKOHYAHUS Me-
TOJIa He TIPEJCTABIAETCS BO3MOKHBIM.
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4. CUMMETPUNYHAA OPTOI'OHAJIN3AIINA

4.1. Oproronasmu3amnug JlaHmoma

PaccmoTpuM mocTpoeHnble aJropuTMbl IPH JIONOJHATETHHOM IPEJIIIO0-
JIOXKEHUM CUMMETPUIHOCTH MATPHUIbl A TOpsijIKa 7.

[Tosnmast oproronausaiiust ApHOJIbIN TPABOJAUT K MATPUIHOMY Pa3JIo-
JKEHUIO

AVn - Vn+1]_{n — Van

Bropoe paBeHCTBO 00bsICHSIETCST TEM, UTO MOCIEHNI CTOJIOEI MaTPHUILbI
V.11 — HYJeBOii, MOCKOJBbKY N COBIAJAET ¢ Pa3MEPHOCTHIO BCEIO MPOCTPAH-
CTBA.

Orciona nonydaem, uro H, = VI AV, cieposaresbno

HI = VAV =vIiATY, =vIAV, = H,.

[Tockosbky matpuna H, nmeer xeccenbeprony popmMy u CHUMMETPUYIHA,
OHa JIOJKHA ObIThb TpexjiaroHaibioin. Oboznaunm i yjoocersa o = Ny,

Bi = hi—1, T, = H,. Torna

ar By 0 - 0

Po g P3 --- 0
T,=H, = 0 ﬁ3 asg -+ 0

0 0 0 ---ayn

I[lo amasormu ¢ Marpunamu H,, n H,, Mo:kHO BBecTH MATpHIy 1),
(st mpomsBodbHOTO 0 < M < n), uMemortyo (m + 1) cTpok 1 m cTonbIoB,
1 KBaJIPATHYIO M X m MaTpuily 1,, KOTOPbIE CTOST B JIEBOM BEPXHEM YIJLy
MaTpUILl 1;,.

Obimast popmyita, Iporeyphbl OPTOrOHAIUZAIMU KPBLIOBCKOIO Da3nca

J
wj = hjp1 v = Avy = ) hi o
i=1
B HOBBIX ODO3HAUEHUSIX IIPUMET BHU]]
w; = Bit1vj1 = Av; — aju; — Bjvj-1,
ryie KO3 PUITUEHTH! BbIYUCIIAIOTCS 110 POpMYyIaM
aj = (w;,v5), B = [lwllz-
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[Tostyuennyto nporenypy HpUHSITO CBA3BIBATEH ¢ nMeneM Jlanmorra. 3a-
MUIIEM €€ B BUJEC aJITOPUTMA.

CuMMeTpUYHBIN aJITOPUTM OPTOTOHAJIM3aImu JlaHonia

1. Beibpatsb vy, Takoii uro ||vi|ls =1

2. [Momoxuts (popmaibro) vg =0, 1 =0
3. For j=1,2,....n

4, w = Avj — ijj_l

5. a; = (w,v;)

6. W= W — Qv

7. B = [lwl

8. If 8;+1 = 0 then nonoxknre m := j n Bty 13 nukiaa EndIf
9. Vi1 = w/ B

10. EndFor

BakHbIM OTJIMYMEM CUMMETPUUHON OoTpToroHasm3anuu Jlanmoma or
OpPTOTOHAU3AIUN APHOJIB/IU SBJISETCS TPEXIICHHOCTb COOTHOIIEHUST MEXK Ty
Oa3uCHBIMU BEKTOPAMU Ha KaxkjioM 1are. [losromy B cuMMeTpudHOM ciiydae
HEOOXOJIMMO XPAHUTh TOJHKO J[BA MPEJbIIYIMX BeKTOpa 6asuca (B HECHM-
METPUTHOM HYKHBI BCE TTPEJIBIIYINNE). DTO MPUBOIUT K CYMIECTBEHHON KO-
HOMUU PECYPCOB HAMSITH.

[TosryueHHBINl aJITOPUTM TO3BOJIIET MOCTPOUTDH METO]] PEIleHUs CHM-
METPUYHBIX crucTeM, aHajgorudubiii Meroy FOM. Ilockonbky masbheiinme
JeficTBus OyIyT HAITPABJIEHBI HA JIOPAOOTKY STOTO aJTOPUTMA, 3aIHUIIEeM €0
0e3 jeraan3alinm.

CumMmerpu4Hblii MeTos, JIaHIoia

1. Boeraucaurs 7o = b — Axg, B = ||70ll2, v1 = 10/8.

2. Ilocrpontsh oproronasbhblii basuc Jlanmoma B IC(vy, A).

3. Permuts Tpexauaronannuyio CJIAY T,y = Se;.

4. Berauciuth x = x9 + V,y.

Bropoe npenmyiiecrso, KoTopoe JaeT CHMMETPHs, 3aKJII04aeTCs B CTPYK-
Type MaTpuinl T),, a IMEHHO, B ee¢ TpexauaronajbHocty. 1o 3Toil npuanne
pelleHne CUCTeMbl B CTpoKe (3) ocyiecTisiercs: 60Jiee SIKOHOMUYHO, YeM B
meronie FOM, Kak mo 3aTparaM IaMsATH, TaK ¥ 10 KOJUYECTBY JCHCTBHIA.
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4.2. IIpamoit meroxa Jlanmormia

Hasibueitiue jieiictBust Oy/lyT HallpaBJjeHbl HAa 00beJIMHEHKE TIPOIECCa
peleHns TpexXInaroHajJbHOl CHUCTEeMbI C MPOIECCOM IOCTpoeHus: Oasuca, B
pesysbTaTe 9ero JTOJKEH MOy TUThCsT TOJTHOCTHIO NTEPAIMOHHBINA aJTOPUTM.
st ynobcTBa pa3odbbeM 3TU JeHCTBUs Ha HECKOJBLKO IIaros.

1. IIpormecc pemnienns: TpexuaroHaJIbHON CUCTEMbI MOXKHO OObEIUHATD
¢ mporeccoM roctpoenus basuca. [jst aToro Bocnosbdyemcs LU passioxe-
HHEM MATPUILI 1), ¥ IpPeJICTABIM €€ B BHJIE

T = LyUp,.

3 Tpexpuaronajbaoctu 1, cieayer, 4ro Marpura L, Oyjaer HUXKHe-
JIByXJinaronaJjibHoii, a U, — BepxHe-JIByXJiMaroHaJjibHoii. BBejem obo3Haue-
HUS JIJIsl UX 9JIEMEHTOB

1 00 ---0 m By 0 -+ 0

0 nm B3 -+ 0
L,=10 ps 1 ---0, U,=|0 0 n3 ---0

=
N
—_
)

0O 0 0 ---1 0O 0 0 ---m,

OueBUHO, YTO SJIEMEHTHI HaJIUaroHa n By He OYIyT U3MEHSIThCS IIPH
nocrpoernu LU pasyiokeHust, IO9TOMY JIOCTATOUYHO BbIPA3UTH JJIEMEHThI [if

u 7).
B coorBercrBuu ¢ 00IMM aJrOpUTMOM TayCcoBa NCKIIOUeH st (€3 Bbi-
Oopa IIABHOTO 3JIEMEHTA)

m = aq,

e = Br/Me—1, M= ar — uePr, k=2,3,...,n

2. BameruM, 9T0 (POPMYILY JJIsi HAXOXKICHUS PEIIeHNs] MOYKHO Meper-
caTh B BUJIE

r =20+ Viy = zo + Vi, I, Ber = xo + Vi (LinUp) ' Ber =
=29+ (VU DL Bey) = 29 + Pz,
311ech BBeJIeHbI HOBbIE 0003HAUCHU S
P, =V, Ut z,=L'Be.
OB603HAYMM JIEMEHTbI BEKTOPA, 2, depes (f.
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3amnuceiBas BTOPOE PABEHCTBO B dKBUBaJIEHTHOM Buje Lz, = [eq,
OJTyIaeM

1 00--0 0 C1 &
pp 1 0 ---0 0 G2 0
0
Linzm = 0 K L 00 : C3 = . :661-
Cm—l 0
0 0 0 -y 1| | ¢ 0

PacnucbiBas MOCIEIHIO CTPOKY IPOU3BEICHUA, NMECM
MmCm—l + Gn =0,
OTKY/Ia, HEMEJJICHHO CJICJYIOT PEKYPPEHTHBIE (DOPMYJIbI
G =0, Cm = —MmGm—1-

Ilepeiijiem K mepBoMy 0O0O3HAUYEHHUIO, KOTOPOE SKBUBAJEHTHO COOTHO-
wenuto P,,U,, = V,,. Paccmorpum ero.

m B2 0 0
0 m2 B3 0
0 0 ny 0
P1| - |Pm—1|Pm|" . . . . — | V1| | Un—1| Un|
0 0 0 3,
0 0 0 T

Kak u Be3jie panblie, 4yepe3 pp 0003HaAYEHbI CTOJIOIBI MATPHUILL P, .
Paccmorpum nocseianii crosiber; npon3BeIeHust

m
Um = Z UjmPj — Bmpm—l + mPm-
j=1

Orcrojia mojiydaeM peKyppeHTHYIO (popMyJy Iepecuera
Pm = (Um - Bmpm—l)/nm-
3. Pacnuiem nojpobree uToroByo popMmysty ajaropuTMma,

x =20+ Ppzm =20+ Gp1 + Gp2+ ... GuPm-

B COBOKYITHOCTH C PEKYPPEHTHBIMU COOTHOMICHUSMY JIJISA P, U (,, OHU
MO3BOJISIOT TIEPENUCaTh AJIOPUTM B MTEPAIMOHHON (opMe C yTOUHEHUEM
pellleHus cpaldy 10cJie BbIYUCJIEHU 0OUePEJIHOIO BEKTOPA Ppy,.
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Anropurm D-Jlanmormnt

1. Boruucaurs 7o = b — Axg, B = ||rolla, vi =10/

2. [Momoxuts (popmasbro) vg =0, 1 =0, u3 =0, pg =0
3. While ne pgocturnyra ToUHOCTH

4, w = Avj — ,Bj’Ujfl

5. a; = (w,v;)

6. Ifj>1then p; = f;/nj-1, ¢ = —p;¢-1 EndIf
6. mj= oy — 0

6. pj= (v = Bipj-1)/n;

6. Tj = Tj-1 + ijj

6. W= W — Qv

T =l

8. If 8;41 = 0 then BoriiTn n3 nnkiaa EndIf

9 V41 =W/ B

10. EndWhile

[TocTpoennsbIit anropuT™ 0618 1aeT HECKOJLKIMEI Ba>KHBIME CBONCTBa-
mu. Uzyunm nx.

YrBepkaeHue 4.1. [locine m maros anropurma D-Jlanmnom neBsaskn
ro, 1, - .. 7Ty B3AMMHO OPTOIOHAJIHHBI.

Jloka3aTejabCTBO.
CorytacHoO yTBEPKJICHUIO 3.2

T
Avm = VinHpy + hm+1,mvm+16m-
B HOBBIX («CHMMETPUIHBIX» ) ODO3HAUCHUAX OHO TPUHUMACT BUJ
T
Avm - Vme + ﬁm—i—lvm—i—lem;
YTO [O3BOJISIET 3aIIMCATDH BhIPAXKEHUE HEBSI3KHU B BHUJIE
rm=0— Az, =b— A(xg+ Viuym) = (b — Axy) — AVpym =
T
=Ty — Vmeym + 5m+lvm+1emym-
3aMeruM, 4To
Vmeym - mﬁel - 57)1 =T,
a esmanHa el y,, = (e ) ecth crassp. Tor
mYm = \Em, Ym JIAD. pite!
Tm =170 =70+ O0Unt1, THAE O = 5m+1(€m,ym)-

Takum 0Opa3om, Kaxas odepeHasi HeBsi3Ka 1y, (m = 1,2,...) KoJ-
JIMHEAPHa, KaXKJIOMY OYePEJHOMY BEKTOPY Up,i1, KOTOPHIE B COBOKYITHOCTH
00pa3yloT OPTOIrOHAJbHBIN Oa3uc. Y TBEP2K/ICHUE JIOKA3AHO.
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YrBepxkaenune 4.2. [locsie m maros ajropurma D-Jlaniorn BeKTopbl
D1y P2, - - P B3AUMHO A-OpPTOTOHAJBHBI, TO €CTh

(Api,pj) =0 npu k # 7.

Jloka3aTejabCTBO.
IIo onpenenennto P, = VmUnTLI. Bynem najee mcrosib3oBarh 0003HA-

wenne U, T = (U 1T

BoimosinuM npeodbpa3oBaHmsT:

PTAP, =U VAV, U =UTT, U =
= U LU U =U"TL,,

Marpuna U7 L,, sBisiercsa HuKHErpeyTroibHON Kak MTPOU3BEIeHIe IBYX
HUYKHETPeyToMbHBIX MaTpuil. TakuM obpaszoM, marpuia PL AP, nuxuerpe-
yTOJIbHA.

C apyroit croponst, Marpunia PLAP,, cuvmverpuuna. CreoBaTebHo,
OHa, SIBJISIETCs JIUATOHAJILHOIA.

Marpuunoe npoussejenne PLAP,, MOXHO cXeMaTHUeCKH M300pasuTh
B BHJIC

b1
P2

PTAP, = PL(AP,) = | ApjApg- - -|Ap

Pm

PaBeHcTBO HYJII0 BHE/IMAIOHAJILHBIX JIEMEHTOB K300ParKEHHOI'O 11POK3-
BeJIeHNUs ONNChIBaeTcst yciosueM (p;, Api) = 0 npu j # k, kotropoe TpeboBa-
JIOCh JIOKA3aTh.

4.3. Meton conpsa>keHHbIX I'PaJE€HTOB

BHAMEHUTBIIT METOJT CONpPsiKEeHHBIX TpajuenToB, CG (or anri. conjugate
gradients), MOKHO BbIBeCTH U3 MeTOja JIaHIOIIA, ONTUMU3UPYS €r0 BbIUUC-
JINTEJILHBII TIPOIIeCC.

YceraHoBJIeHHBIN BbIIIEe (akT B3aWMMHOW OPTONOHAJHHOCTH HEBSI30K U
PEKyppPEHTHBIE (DOPMYIILI 7151 A-CONMpPSXKEHHDBIX HAIIPABICHUIN P, TO3BOJISIIOT
MOJIbHOCTHIO UCKJIIOUYUTH W3 BBHIUUCIUTEILHONR CXeMbl HAXOXKJIEHNE BEKTOPOB
bazuca Jlannoma v,. Pazobbem 1peodpaszoBatust Ha HECKOJIbKO STAIIOB.
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1. BoiBejieM pekyppeHTHOe COOTHOIIEHUE Jijist HeBs30K. [list aroro co-
OTBETCTBYIOITIEE COOTHOIIEHUE JIJIsA TPUOJIMKEHU i

Tj = Tj1+jp;
YMHOXKHUM Ha Marpuily A u Borarem BekTOp b.
Aﬂfj —b= Al‘jfl —b+ CjApj'
V3MeHnss 3HaK JIEBOI M HpaBOil YacTeil MoJyIuM HYKHYIO0 (OPMYIIY

T’j = Tj—l — CjApj-

Koaddunmenr ¢; naitjiem n3 yciosust OpTOroHaJbHOCTH HEBS30K, J1Jisl
4ero JIOMHOXKUM II0C/Ie/IHee PaBeHCTBO CKaJIAPHO Ha Tj_1.

0= (rj,rj-1) = (rj-1,75-1) — Gi(Apj, 1j-1),
OTKY/I2

G = (rj-1,7j-1)

(Apj,7j-1)

2. HaiijleM HOBOe peKyppeHTHOE COOTHOIICHHE JiJIs BEKTOPOB pj, He
cojiepzKaliiee ajieMenTon baszuca v;. Kak Obl10o ycTaHOBJICHO BhIIIeE,

pj = (vj = Bjpj-1)/n;.

HpI/I J0Ka3aTeJIbCTBE YTBEP2KICHU A 4.1 ObL710 yCTaHOBJIEHO, YTO BEKTO-
pa vj 1 7j_1 KojsmHeapHbl. IToaromy BekTOp p; JIMHEHHO BbhIparKaeTcsl yepes
BEKTOpa T'j—1 U Pj—1.

TaK KaK IJIMHBI BEKTOPOB p] HE NUMEIOT 6OJII:>LHOFO SHa4Y€HUsA, TO MO2KHO
HOJIOXKUTh OJIMH U3 KOI(PMUIMEHTOB JIMHEHHON 3aBUCUMOCTI PABHBIM €JI1HK-
e 1 NCKaTb HOBOE HallpaBJICHHNE B BUJIE

pj =Tj-1+Ypj-1- (7)

Kosddunuenr «; naitiem us yciosus A-opTOroHasbHOCTH, JJid 4ero
JOMHOXKIM IIOCJIE/IHEE PABEHCTBO CKaJIApHO Ha Apj ;.

0= (pj, Apj-1) = (rj-1, Apj-1) + v (pj-1, APj-1);
OTKY/1a BbIBOJUM
(Apj_1,7j-1)
v =— -
/ (Apj—lapj—l)

3. IIpeobpasyem roJiyueHHble BbipaxKenust KoapduiineHToB. Bo-1iepBbix,
nomuoxas (7) ckaaapuo na Apj, mosmydaem

(Apj,pj) = (Apj,?“j—l) + %’(Apj,pj—l) = (Apﬁrj—l)'
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Takum obpasom,

(= (Tj—larj—l) _ (7"3'—1,7“]'—1)
7 (Apjri) (Apj, p;)

Bo-BTOpbIX, U3 CBsI3M HEBSI30K (Ha TPEJBIIYINEM Iare) uMeeM

1
Apj1 = —i(m—l —Tj-2).
i
[Toaromy
N (rja =rj2 i) _ (Apupi) (ronr) _llralls
g Cj—1 (Apj—lapj—l) (Tj—z,Tj—z) (Apj—bpj—l) ||7“j—2||%

4. B dpopmynax mpeapyIero Meroaa popMabHO mojaraaochk py = 0.
3aMeTnM, 9TO B 3TOM CJIydae

P1 =To+ 71Po = To
1 KOI(PDUIUEHT ) BBIYUCIATH HET HEOOXOJMMOCTH.
3anuieM Bce IoJIydeHHbIe (POPMYJIbI B BUJIE aJIIOPUTMA.

Anroputm CG

1. Boruncoaurs 1y := b — Axy,
2.For j=1...n

3. If j =1 Then p; :=1ry

4 Else )
5 . Hrj—1H2
= 2
752113
6. Dj = Tj—1 T+ Y Dj-1
7 EndIf
o oo lrial?
(Apj. p))
9. Tj'=Tj1 + ij
10. rj =1j—1 — CAp;j
11. If nocturnyra Tounocrs Then BoiiiTu u3 1uKIIa
12. EndFor

Ha kark oM 1mare oCHOBHOI'O IUKJIA 3aIIUCAHOIO METOJ18, BLIYNCIIAIOTCS
POBHO JIBa, CKaJIAPHBIX IIpou3BejieHus. Kpome Toro, xpaneHusi TpebyoT oJInH
BEKTOD 1PE/IblJIYIIEro HalpaB/IeHus pj_i, HpeJbliyliee IpubInKenue T
1 ero HeBdA3Ka 1;_1. Bce BMecTe 5TO IPUBOJUT K CYIIECTBEHHOMY CHUXKEHUIO
3aTpar MAMsITU U BBIYUCIUTEIHLHOIO BPEMEHN 110 CPABHEHUIO ¢ AJITOPUTMOM
D-JIanionm.
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OrMernM elre pa3 BaxKHbBII (hakT, KOTOPBIH J0Ka3aH IPKU OCTPOEHUN
MeTOJIA.

YrBepxkaenue 3.3. [locie soimosnennst k maros meroga CG crpa-
BEJIJINBO CBOMCTBO

Span{ro, T1y. .- 7Tki—1} - Span{p17p27 cee 7pk‘} - ICk‘—l(TO) A)

Takum 06pa30oM, IPOEKIMOHHBII ITPOIECC METO/Ia CONPSIKEHHbBIX I'Pa,/1-
eHTOB IPUBOJIUT K MMOCTPOEHIIO OPTOIOHAJBHOIO Oa3uca n3 HeBsa30K. O1co/a,
B YaCTHOCTH, CJELyeT, UTO JJIs CHCTEM TOPsiKa 1 OygeT MOJIydeHO TOUHOe
periernne He Oojiee, YeM 3a n 1MAaroB (B TOTHON apudMernke).

C apyroii CTOPOHBI, MOXKHO TMOJYIUTH OIEHKY, TapaHTUPYIONLYI0 MO-
HOTOHHOE YObIBAHME MOIPEIIHOCTH (ITO OyJIeT CJIeJIAHO HUXKE), Y4TO [03BO-
JIIeT 3aBepIaTh MPONEce Topa3io paHbine (npu k < n) U paccMaTpUBaTh
MeTOJI KakK mrepainuoHubiii. I[IpuBegem coorBercrBytomnuit pakT 0e3 JloKa3a-
TeJILCTBA.

Teopema 4.1. Ilycrs AT = A > 0. Torua nocse m maros meroja CG
BepHa OIEHKa

Vp—1\"
NZES!

riae p = conds(A), T — TOUHOE PEIIeHNE CUCTEMBI.

lzm = 2]la <2 lzo = 7|,
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5. IBOIICTBEHHA Y OPTOT'OHAJIU3AIIAA

5.1. buoproronasu3zaiinga Jlanmoia

Cy1ecTBeHHbIM OTJIMYUEM METOJ/I0B, OCHOBAHHBIX Ha, IIPOIECCE OPTOIO-
HaJin3amuy JIaHmora, oT MeToJI0B, MOCTPOEHHBIX Ha MPOIECCe OPTOTOHAJIN-
3annyu ApHOJILIN, ABJISIeTCsa 00beM HHMOPMAIn, HeOOXOIUMbIN JIJIsT TOCTPO-
eHUsI OUEPEIHOr0 DA3MCHOTO BEKTOPA, UJIN, UTO TO XKe, OUePEeHON MONpaBKN
K pemennio. B To Bpewmsi, Kak mporeaypa ApHoubau TpebyeT HCIoIbL30Ba-
HUsI BCEX MPEJIBIIYIINX OA3UCHBIX BEKTOPOB, aaroputM JIaHIONa Ha KaxK J0M
Iare IpuUMeHsIeT BCEro JINIb TPEXUJIEeHHbIe COOTHOIIEHUsI. fICHO, UTO TaKasl
I'PAH/IN03HAS SKOHOMHES JOCTUTAETCS 38 CIeT CUMMETPUIHOCTH MATPUIIBI CH-
CTEMBbI.

BosHukaer BOIPOC, HEJb3sl JIU B HECUMMETPUUHOM CJIydae IOJIYIUTh
110,100HbBIe SKOHOMUUIHBIE (hopMYJIbl. OKa3bIBACTCS, Ha HETO MOXKHO JATh 110~
JIOXKUTEJIbHBII OTBET, ec/ii M3MEHUTHL TpeOoBaHus K Oasucy. TouHee roBopsi,
ecJi CTPOUTH HEe OJIMH, HO cpa3y JBa 0a3mnca, CBsI3aHHBIE JIPYT C JIPYTOM.

Onpepnenenne. Cucremsr Bekropos {v;} u {w;} (j =1,...,n) nass-
BAIOTCs1 OMOPTOrOHAJILHBIMHU, €CJIN
(Ujawk) - 07 upn j 7& k.
BriBegeM (opMysibl, aHaJorwuHbie mnporeaype ApHosban. Boibepem
JIBa, HAYAJBHBIX BeKTOpa v1 W wy, Takue 910 (v, wr) # 0. [pegmonoxnm,
4TO y2KE MOCTPOEHbBI § BEKTOPOB B KaXKJIOH M3 OMOPTOrOHAJIBHBIX CUCTEM, U
OyJieM MCKaTh CJIEeJlyIOle BEKTOPa B BU/IE
vin1 = Avj — ajuj — v, (8)
— T . . . — . .
Wi = A wj — ajw; — fjwjg. (9)
IIpu sToMm dopmasibaO mogoxkuM vy = 0, wy = 0.
VYMHOKHUM PaBeHCTBO (8) CKaJIAPHO HA W.

0 = (Avj, wy) — aj(vj, w.j).
OTKyma mojrydaeM, 9To
(Avj, w;)
(v, w;)
Terepb yMHOXKIM PABEHCTBO (8) CKAISPHO HA W;_1.

0= (Avj, wj_1) — B;(vj—1, wj—1).
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13 sroro pasencrsa MOXKHO MOJIy4InTh bopmyny Jiid [, ojHaKo oHa Oyjer
cojiepKaTh HOBOE CKaJsIpHOe Mpou3Bejenne ¢ mMarpuneit A. Ero mox#o nc-
KJIIOUWUTh, BBINIOJHUB CJiejiyiolue mpeodbpazoBanus. [lepedOpocum marTpuily B
CKAJIIPHOM TPOU3BEJICHUN Ha BTOPOW MHOXKHTENh W BOCIIOJb3YeMCsl PaBeH-
croM (9).

0= (vj, A"wj1) = Bj(vj-1,wj1) =
= (vj, wy) + aj_1(vj, wj—1) + Bj-1(vj, wj—2) — Bj(vj-1, wj-1).
[ToCcKOLKY BTOPOE M TPEThE CJIAraeMble B ITIOCJIC/HEM BBIPDAYKEHUM DPaBHDI
HYJIIO, 110JIY43€M
8, — (v, wj)
(vj-1,wj-1)
SaHI/H_HeM HO.HyLIeHHbIe COOTHOIIECHM A B BHUJE aJITOPHUTMaA.

Aaropurm 6mopTroronasm3anuu JlaHioma

1. Beibpars BekTOpa vy, wy, Takue 9to (vy, w) # 0,
110J02kuTh (popmasbho) vy = 0, wy =0, f; =0
2.For j=1,....,n

3. = (Avj, wj)

(vj, w;)

vjt1 = Avj — a;vj = v
5. win = Alwj — ajw; — Bjw;
(vj41, Wj41)

o = (vj, w;)
7. If ;41 = 0 Then Buiittu u3 nukia EndIf
8. EndFor

Haxorienne BEIYUCINTEIbHBIX OIIMO0K MOXKET IPUBOJIUTH K TOMY, UTO
MOJIy9aeMbl€ CUCTEMbl BEKTOPOB IepecTaloT ObITh B3aUMHO OPTOIOHAJIHHbI-
M. DTa CATyalus OTCIeKUBaeTCs B crpoke (7) asropurma. OTMETHM MPWH-
IUATIHAJIBHOE Pa3Jindne MPEeXKJIEeBPEMEHHOIO TIPEKPAIeHUs MpoIecca B JIBYX
CPaBHMBAEMBbIX 110/1X0/1aX. B mporieype opToroHan3anunn APHOJIbIU TPEXK-
JIEBPEMEHHBII BBIXOJI U3 IUKJIA SIBJIACTCA KXOPOIUIUME U CBHJIETE/ILCTBYET 00
UCUYEPHAHUU Pa3MepHOCTH MOJIIpocTpancTsa. B buoproronasuzanuu Jlan-
IIOIIIa CPBIB BBIYMCJIECHUIN SBJISETCS CJIEJCTBUEM KPUTUYECKOTO HAKOIJIECHUS
omubok. CyIecTByOT W MPOJOJIKAIT pa3padaThiBaAThCsT METOJIbI, HAIIPAB-
JIEHHBIE Ha Ipeojiojienne Takoii cutyanun. OHako HanboJiee NpOoCThIM BbIXO-
JIOM U3 MMOJIOXKEHUS ABJIAECTCA Mepe3anycK, aHaJOTUYHbI pecTapTaM B MeTO-
Jlax, 00CY2KIaBIIKXCs BbIIIIE.
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BadukcupyeM HEKOTOPbIE CBOHCTBA HOBOTO aJINOPUTMA.

YrBepxkaenue 5.1. Ajropurm Ouoproronasuzanuu JlaHora cTpo-
WT B3AaNMHO OPTOTOHAJbHBIE Oa3uchl B mpoctpancTBax Kpoutosa K\ (A, v1) u
K,.(AT,w1) coorsercraento.

HokazaTeabcTBO 3TOr0 (hakTa ClieJyerT HEMOCPEJICTBEHHO U3 (hOpMYyI

(8), (9)-
Bgejiem TpexjinaroHaJbHy0 MaTpUILy
a; B, 0 -2 0

1 (%) 63 0
T,=10 1 ag -0

0O 0 0 ---ap

YrBepKaeHne 5.2. CrupapeinBo PaBeHCTBO
T
rJe €,, — €JIMHUYHBIA OPT C eJIMHUIICHA B MO3UIU M.

Jloka3aTeJjbCTBO.
[Tepenuiiem pasencrso (8) B BujIE

Avj = ﬁj?}jfl + ;v + Vjiq.

Hononanum marpuiy V,, clipaBa HyJeBbIM CTOJ0IOM. BhIoJHIM 11epe-
MHOXKEHUE

o ﬁQ 0O --- 0

1 ay B3 -+ 0

10 1 a3 --- 0
Ul o o e Um 0 . : : : pr—

C QU
1

OO
OO

ar By 0 - 0

1 9 53 -+ 0
=l ool 0 1 ag - 0 | =V, Th
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PaccmoTpum fajiee HyJIeBYIO MATPUILY HTOPSIJIKA 1M, JIOMOJHEHHYIO CIIPa-
Ba BEKTOPOM-CTOJIOIOM Vjy,+1. BBIIOJHUM IIepeMHOKeHNe

a; P2 0 0

1 ay B3 0

— — | = 0 1 Qs 0
0 * O 0 U’ITH—I * . =

0O 0 O C

0O 0 O 1
- 6 : 6 Um+1| = Um+1|°

Taxum obpazom,

V.. T, + vmﬂefn = U [Umt1|

00 0 1|=uvniel,.
a; B2 0 0
I oy B3 0
0 1 as 0
0O 0 0 ---ay
o 0 0 ---1

[IpaBast 4acTh paBeHCTBA ABJISIETCS MaTpUIleii, j-it cToJIOEl] KOTOpOil

BbIYUCJIACTCA KaK

ijjf1 + ;v + vj41.

Cornacto (8) 1o Bhipaxkenne paBao Av;, TO €CTh COBIIAIAET C J-M CTOJIOIOM
marpunbl AV,,. CBoiicTBO J0OKa3aHO.

YrBepxKaerne 5.3. CrupapeinBo PaBeHCTBO

T T T
AW, =W, T + cwyiie,,,

rJ€¢ ¢ — HEKOTOpasd KOHCTaHTa.

JlokazaTesbecTBO MOTHOCTHIO AHAJOTUIHO MPEABIIYIIEMY ¢ TOH JIWITH
pa3HuIleit, 4To cjejiyeT paccMaTpruBaTh MATPUIHYIO UHTEPIIPETAIINIO paBEeH-

crBa (9).
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YrBepxkaenue 5.4. CrpaBeyinBO PaBeHCTBO
WL AV, = DT, =Ty,
rjie D, — quaronajbHas MaTpUIA.

Jloka3aTeJjbCTBO.
YMHOXKHUM PaBEHCTBO

AV, =V, T, + vmﬂeﬁ,

cJieBa Ha MaTpUILY WnTl 1 3aMEeTHUM, 9TO ngm eCThb JMaroHaJjbHasg MaTpHIla,
II0CKOJIbKY COCTaBJ/ICHa U3 CKaJlsiPHLIX IPOU3BeleHnil BekTopos w; Ha v;. 1o
TOI »Ke NPUYNHE TPOU3BEICHUE Wg;vmﬂ Jaer HysneBoit BekTop. CBOHCTBO
JIOKa3aHo.

5.2. MeToa OGucOnpsa>KEeHHBIX T'PAINEHTOB

B anrioasuanoil aureparype s JJAHHOTO METOJIa IPUHATO MCIOJIh-
soBarh abbpesuarypy BCG win BiCG (or anri. Biconjugate Gradients).

[Ipespamienue mpomegaypbl OMOPTOrOHAJN3AINN B UTEPAIMOHHBIIH Me-
1oy pemenust CJIAY (merog BCG) 110/HOCTBIO aHAJIOIMYHO HOCTPOCHUIO Me-
toja CG Ha ocHOBE CUMMETPUUIHON OopToroHaausauu JIanoia.

B coorBercrBun ¢ 00mEel CXeMOil IIPOEKIIMOHHBIX METOJOB PelIeHue
YTOUHSETCA 0 (popMyJie

x =z + Vv,

rae y ABJIFACTCA pelIeHeM CUCTEMDbI
T
WL AV,.y = Be.

B namem ciydae
Wrav, =T,.

Kak m B cummerpuaHOM ciydae, Bocrosb3dyemcs LU pazioxenunem
mMaTpuilbl 1y, U 1IPeJICTaBUM €€ B BU/JIE

T = LUy,

3 rpexaunaronajibHOCTH T, caejyer, 9To MaTpuibl L, u U, OyryT
JIBYXIMAroHAJbHBIMU HUXKHE- U BEPXHETPEYTOJbHBIMUA MaTpPHUITAMHU.

Bregem obo3navenust st UX 3JIEMEHTOB, UIEHTUIHBIE CHMMETPUIHOMY
CJLY 910
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1 00 .---0 m By 0 - 0
p2 10 ---0 0 nm B3 ---0
L= 0 g1 -0, U= 0 0 15 0|

0O 0 0 ---1 0O 0 0 ---m,

Bsenem Ttakzke obosnaueHus
P,=V,U-t. P =W, LT =W,(L)™"

Yepes p; u pj; Oyaem (Kak u Bblle) 0003HAYATL CTOIONBI MATPHI P,

u P cooTBeTCTBEeHHO.
PaccmorpuM nepsoe paBeHCTBO, [Ipe/iBapUTENIbHO HePelucaB ero B 9K-

BuBaJsienTHoM Bujie P,U,, = V,,.

m B2 0 0
0 m B3 0
0 0 mns 0
P1| " |Pm—1|Pm|" . : . : =1UV1 | |Un=1| Um|
0O 0 O B
0O 0 O © M

Pacnurmiem mocyeHui cToa6e1] Tpon3BeIeHnst
m
Um = ijuj,m = BunDm—1 + NmPm-
j=1
Orciofia mostydaeM peKyppeHTHYIO (hopMyITy
Pm = (Um - 5mpm—1)/77m-

PaccmoTpuM Temeph BTOpoe paBEeHCTBO, HMEPENUCAHHOE B IKBUBAJIEHT-
nom sugie PrLL =W,

1 J3%) 0 0
0 1 pg 0
2 R g /o ) IR = | w1 Wip—1| Wiy
0 0 O L
0O 0 O -1
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Pacruiem nocsenuit crosider mpou3BeieHust

m
X * %
Wi = Y 0 Ljm = Pyt + Dy
J=1
Orciofia mostydaeM peKyppeHTHYIO (hopMyJTy
* *
Py = W — HmPp—1-

B kadyecTBe HAYAJHLHOTO BEKTOPA MpHU MOCTpoeHuu 6azuca Vi, ciaemyer
BLIOMPATH BEKTOp HeBsA3KM Ty = b — Axy. Obo3naunm depes 7 HadaIbHbII
BeKTODP Jyist HocTpoenun 6azuca Wi,. [Tockonbky marpuna AT HeBbpoxK ie-
Ha, BCer/ia HaiiJleTcda TaKoil BeKTOp b*, jiisg KOTOporo 1 ABJdeTcsa HeBA3KOI
pemennst cucrembl ATx* = b*. ®akruuecku, meroy BCG, koropbiii Gymer
ceifgac MOCTPOEH, TeHEPUPYET JIBe MOCJIe/I0BATETbHOCTH MPUOTNKEHN K pe-
IeHnsAM JIByX cucreM — ¢ marpuieii A u ¢ marpuneit AT, Jacro Ha npakTuke

peleHne BTOpoil crucTeMbl He TpeOyeTcs U COOTBETCTBYIONINE €if Tocie10Ba-
TeJILHOCTA BEKTOPOB HOCAT BCITOMOTATEIHHBIN XapaKTep.

Yr1Bepxkaenne 5.5. [lycrb B kadecrse 1nepBoro 0a3McHOIO BEKTOPa
BbIOpaHa HeBsi3Ka U7 = rg = b — Axg. Torma kaxkmas ciaemyromast HeBsI3Ka
T'yn KOJUIMHEAPHA, COOTBETCTBYIONIEMY Oa3MCHOMY BEKTODPY Uyi1.

Joka3zaTeabcTBO. CoriacHO yTBEPXKJIECHUIO 5.2
AV, =V, 1T, + vmﬂefw
YTO IMO3BOJIACT 3allMCaTb BbIPA2KCHUEC HEBA3SKW B BUJIE
Tm=0b—Ax, =b— Az + Viym) = (b — Axg) — AVyym =
=10 — Vi Lo Ym + vmﬂefﬁlym.
3ameTnm, 9TO
Vmeym = mﬁel = 61)1 = T,
a BOJINUIUHA 0 = efﬁlym = (em+1, Ym) €cTb ckajsip. Torma
Tm =To— Ty + OUpy1.

CBoiiCTBO OKa3aHoO.

Yr1Bepxkaeane 5.6. [Iycrb niepsbiii JIBORCTBEHHbI OA3UCHBIN BEKTOD
wy = 15 = b* — AT} apnsaerca wepszkoit cucrembr ATx* = b* ¢ nexoropoii
npasoit yactsio b*. Torga kaxkaas ciefyomias HeBA3Ka 1), KOJJINHEAPHa, CO-
OTBETCTBYIOIEMY OA3UCHOMY BEKTOPY Wiy 1.

Jloka3aTeJbCTBO aHAJOIMYHBIM 00Pa30M TMOJIyYaeTCsd U3 COOTHOIE-
HUs

ATW,, = W, TE 4 cwy el

42



Yr1Bepxkaenme 5.7. [locie m maros ajgropurMma HEBI3KHU T, T, . . .
Tm—1 7 BCIOMOTATEJLHBIE BEKTODPA T¢, 77, ..., T _; (HEBI3KH CHCTEMBI C
TPAHCIIOHUPOBAHHO MaTpuIieil) 06pasytoT GHOPTOrOHATIBHBIE CHCTEMBI.

oxka3zareabcTBo. CoryiacHo yTBepXKaeHusM 5.5 u 5.0,

*
T = QjUj1, T = Brwii1,
rae o u B — HeKoTophie ckajadapbl. Torma,
3 .
(rj, 1) = ajBe(vj, wg) =0 wpun  j #k,
YTO ¥ TPedOBAJIOCH.

Bepremcsa K (popmysie yTOUHEHHST PEIIeHsI U MEePernuiIeM ee B HOBBIX
000O3HAYEHNIX.

r=x0+ Vmﬂ;lﬁel = x0+ VmUnzlL;ﬁBel = P.zm,

e z,, = L1Be;. O6oznauas (kax u Bbie) yepes (1, Ca, . . . , ( KOMIOHEHTHI
BEKTOPA 2y, MOJYJaeM, 9TO

x:x0+PmZm:x0+glpl+<2p2+---+<mpm-

[TonydyenHoe paBeHCTBO MOXKHO IepenucaTh B popme, yaoOHOI JIisi uTepa-
IIMOHHOTO aJTOPUTMAa,

xj=xj_1+ (pj.

Yr1Bepxkaenme 5.8. [lociie m 1maros ajaropurMa BEKTOPHI Pi, Po, - . .,
DPm U DY, Psy « .., Py, 00pa3yiorT A-conmpsizKEHHbIE CUCTEMBI, TO €CTh

(Apr,p;) =0 upu k # j.

HoxkazarenscTBo. Hanomuuwm, uro B, = V,,U 1 P: =W, L T.
BoirojinuM 1npeodpa3oBaHms:

(P,)'AP, = L, WIAV,U," = L,'T,U," = L,'L,UU," = T

Marpuunoe npoussenenne (P*)T AP, Moxno cxemarndeckn nzobpa-
3UTH B BUJIE

P1
Do

(P;)T AP, =

D
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PaBencTBo HyJII0 BHEMAIOHAJIBHBIX JIEMEHTOB K300ParKEHHOI'O ITPOK3-
BeJICHUsT OMUCBIBAETCs yetoBueM (Apy, pj) = 0 mpu j # k, KoTopoe TpeboBa-
JIOCh JIOKa3aTh.

HanbHeiime geiicTBusI, KaK U paHbllie, o(pOPMUM B BHUJIE IIOCIEI0BA~
TeJIbHOCTU HEOOJIbIINX IIaroB.

1. BeiBeieM peKyppeHTHOe COOTHOIIEHUE JJIsi HeBA30K. s sToro co-
OTBETCTBYIOIIEE COOTHOIIEHUE JIJIs TTPUOJIMIKEHW i

Tj = Tj1+ (D
YMHOXKHUM Ha Marpuily A u Borarem BeKTOp b:
ij —b= ij—l — b+ CjApj-
M3mensist 3HaK JieBOi U 1IpaBOil dacTeil 1moJjiydaeM HYXKHYI0 pOopMyJ1y
rj=1j-1 = GAp;.

Koaddpunuent (; naitjiem u3 yciaoBuss OHOPTOrOHATILHOCTH HEBS30K,
JJIs1 9€Tr0 JJOMHOXKIM TOCTIe/[Hee PABEHCTBO CKAJISIPDHO Ha 1.

0= (rj,r;_1) = (rj-1,771) — G(Apj, 77_1),
OTKY/1a,
(rj—1,75_1)
(Apj ) T;—l) .
2. Haiijilem pekyppeHTHbIE COOTHOMICHNUs JIsi BEKTOPOB p; 1 pj. Kak
OBLJIO YCTAHOBJICHO BBIIIIE,

G =

p; = (v; — Bipj-1)/n;
* — . — . .
p; = wWj — Kjpj—1-
Corylacno yTBepzK/JieHusM 5.9 U 9.6, 1apbl BEKTOPOB VU U T'j_1, & TaKKe
* o
wj W ri_y KojmHeapHbl. [loaromy BeKTOD p; JIMHEHHO BbIparKaeTcst Uepes
*k ) *
BEKTOPA 71 U Pj_1, & BEKTOP P JINHEHHO BBIPAXKAETCS “IePe3 BEKTOPa 77;_;
n pj—l-
Tak Kak JUIMHBL BEKTOPOB Pj U P; HE UMEIOT OOJIBLIOIO 3HAUCHUSL, TO
MOXKHO ITOJIOXKUTDH OJIMH U3 KOIMDDUITUEHTOB B KAXK /0 JTUHEHHON! 3aBUCHMO-
CTU PaBHBIM €JIMHUIE U MCKATh HOBbIE HAllPaBJICHUs] B BUJIE

Pj = Tj-1 + YiPj-1- (10)
p; =711+ (11)

Kosdbdurmuent v; naitnem u3 yenosusa A-0HOPTOrOHATBHOCTH, JIJIA 9€TO
JOMHOXKIM TIOCJIE/IHEe PABEHCTBO CKaJApHO Ha Apj_i.

0= (Ap]_hp;k) = (Apj—17 T;—l) + ij(Apj—lyp;f—l)v
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OTKY/1a BBIBOIUM
7*:-—@%%]J@_0
’ (Apj-1.9;_1)

3. I[Ipeobpasyem 1moJiyueHHble BhlpaKenust KoaduimeHToB. Bo-1iepBoiX,
nommnozkast (11) ckanspro na Apj, nosydaem

(Apj, ;) = (Apj,7j_1) +7i(Apj pj 1) = (Apj, 7 _1).
Takum obpaszom,
(= (Tj—17T§f1):::(Tj—1>T§f1).
04$77T;—1) 04$U7z?)

Bo-BTOpBIX, U3 CBsI31 HEBA30K (HA MPEJbILYIIEM IIAre) UMeEeM

1
Apj1=———(rj-1 —7j-2).
Gji-1
[TosTomy
o 1 (Tj_l—Tj—Q,T;f_l) _ (Apj—hp}k'q) (T’j—1,7“;_1) _ (Tj—l’r;—l)
T (o (Apj_l,p;f_l) (Tj—2,7’}<_2) (Apj—17p§_1) (Tj—2=7’;'<—2)

4. Ocraercs naiiTn Ko3bOUINEHTHI 7y, 1 (j B PEKyPPEHTHBIX COOTHO-
meHusAX st p; u r;. IlokaxeM, 110

_ * R *
G=¢,  h=7-
Bynem nckarh cOnmpsi>KeHHYIO HEBSI3KY B BU/IE

* % x AT %
r»—rj_l—CjA p;-

J
YMHOXKHUB 9TO PaBEHCTBO CKaJIAPHO Ha 7'j_1 X BOCIIOJIb30BAaBLINCH 6I/IOpTOFO—
HaJIbHOCTBIO HEBA3O0K, IMOJIYIHNM

0= (r},rjm1) = (r}_1,rj1) — (A DY, o),
OTKY/12
(ijlary—l)
(ATp} rj-1)

G =
3ameTnm, 9TO
(A"pl k) = (0}, Apr) =0 mpu j # k.
[Tosromy ymuoxenue pasercrsa (10) ckajsipHo Ha Aij JIaeT
(ATpgva) (ATpga"”J 1)-
Takum obpazom,

¢ — (rj—1,75-1) (i) (- 7jg) s
g (ATp;k7 Tj—l) (ATp;k7pj) (Apﬁp;) !
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[IepBoe paBeHCTBO 0OOCHOBAHO.
st oucka y; yMHOKHM pasenctso (10) ckassapHo Ha Aij -
T T, x T x
0= (A"pj_1,p;) = (A pj_1,mj-1) + (A" Pi_1,pj-1),
OTKY/18,
(A'p;_1,7m5-1)
/yj - T % '
(A pjflapj—l)
Bejnauny ATp;‘._l BBIDA3UM U3 PEKYPPEHTHON (DOPMYJIbI JIJIsi COIPsi-

2KEHHDbIX HEBA3OK

1
T
A 2?] 1= ~ % (7";?*1_7";?*2)-
j—1
[TosTomy
1 (rjoa—rjo,rjy) 1 (rjon,rjs)

Vi = " = " = ..
TG (AT, pia) G-1(Apj-1,p54) 7

BbiBoj1 popMyst 3aBepiiieH. 3alliileM UX B BHJE aJrOpUTMA.

AaropurMm BiCG
1. Boranconts rg := b — Axy,
BBIOPATH [TPOU3BOJIBHBIN BeKTOD 77 & (10, 74) # 0
2.p1i=r9, pli=T
3. For j=1...n
(rj—1,75-1)

4. =
‘ (Apj, pj)
5. Tj =121+ (p;
6. rji= 7“]- 1 — CAp;
7. TEi=T CAT
8. If nocturnyra TOUIHOCTB then BoiiTn u3 1ukIa
9 (Tju T;)

(rj-1, 7“;—1)

10. Pj+1 =715 + YD

11. Pip1 =71 +D;

12. EndFor

[Tocrpoerune npaBuiibHOrO Kpurepusi okorHdanus merona BCG sBiis-
eTcsl CJIOXKHBIM M JI0 KOHIIA He PEeIIeHHBIM BOIPOCOM. BOJIBIIYIO TPYIHOCTD
CO3J/IaeT OTCYTCTBHE IMPOCTHIX allOCTEPUOPHBIX OleHOK. [1o aToit npuunne Ha
IPAKTUKE, KaK IIPABUJIO, OTCIEXKUBAIOT 1OBejeHre HeBs3Ku. OJUH U3 1pPO-
CTEHIINX BapUAHTOB YCJOBUs BBIXOJIa — YMEHbIICHUE BEJUYMHbI HEBA3KH B
3a/laHHOE KOJIMYECTBO Pa3 OTHOCUTEJILHO €€ HaYaJJbHOI'O 3HAUEHMUSI.
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